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Chapter 1General Remarks(19/11/2003)1.1 Introdu
tionAladin-NH is a non-hydrostati
 (NH) limited-area model (LAM) dedi
ated to numeri
al weather predi
tion(NWP). It is an extension of the Aladin model in order to in
lude nonhydrostati
 e�e
ts. The initial design ofthe dynami
al kernel of the Aladin-NH model is based on the paper of Laprise (1992), advo
ating the mass-
oordinate as a natural way for extending to the fully elasti
 system of Euler equations (EE) a pre-existinghydrostati
 primitive equations (HPE) NWP system based on pressure 
oordinates.The general program for the dynami
al kernel of Aladin-NH was to built a system whi
h is:- Valid at any s
ale- At least se
ond-order a

urate in time and spa
e- As e�
ient as possible- Preserving as mu
h as possible the global invariantsThe strategy 
hosen in Aladin-NH to ful�l the latter general program is the following:- Fully elasti
 set of Euler equations- Mass-based verti
al 
oordinate- Spe
tral (bi-Fourier) transform method for horizontal dire
tions- Finite di�eren
e with a Lorenz grid in the verti
al- Constant-
oe�
ients Semi-impli
it (SI) or Iterative-
entred-impli
it (ICI) time-s
heme.- Semi-Lagrangian transport s
heme.The main reported limitations for the dynami
al kernel of Aladin-NH are:- "
lassi
al" approximation- verti
ally unbounded atmosphere only- monophasi
 set of equations 2



1.1.1 Euler EquationsThe fully elasti
 set of Euler equations, is the basi
 set of the lo
al �uid me
hani
s for 
ompressible �uids.This set of equation is non-hydrostati
 be
ause it does not retain the hydrostati
 approximation. The hydro-stati
 approximation assumes that verti
al a

elerations are mu
h smaller than the gravitational a

eleration.As an indire
t 
onsequen
e, the verti
al velo
ity is no longer a prognosti
 variable, i.e. there is a purelydiagnosti
 link between the verti
al velo
ity and the other dynami
al �elds. Systems retaining the hydrostati
assumption (su
h as e.g. HPE) are valid only for s
ales larger than a given limit, whi
h is generally admittedto be the 
onve
tive s
ale. Sin
e it does not retain the hydrostati
 approximation, the EE system has theadvantage of being realisti
 even at small s
ales.On the opposite side, the EE system is "non-anelasti
" in the sense that it does not retain the anelasti
approximation. In the anelasti
 approximation, the �uid is assumed to be formally in
ompressible. As anindire
t 
onsequen
e, the pressure is no longer a prognosti
 variable, i.e. there is a diagnosti
 link between thepressure and the other dynami
al �elds. Systems retaining the anelasti
 approximation are usually 
onsideredto be not valid for very large s
ale motions. Davies et al. (2003) argue that anelasti
 systems give an erroneouspropagation for large-s
ale disturban
es of meteorologi
al importan
e, su
h as Rossby waves. Sin
e it doesnot retain the anelasti
 approximation, the EE system has the advantage of being realisti
 even for large s
alesmotions.Therefore the EE set of equations has the advantage of being valid at any s
ale. Besides, all types of dynami
alwaves present in the atmosphere 
an be modelled with the EE system, in
luding elasti
 waves (also 
alled"a
ousti
" waves if their frequen
y is in the range of human's ear sensitivity). However, the possibility ofelasti
 waves to be represented 
reates spe
i�
 problems whi
h must be solved if a numeri
ally e�
ient kernelis desired. This point is developped below, in se
tion 1.1.4.1.1.2 Shallow-atmosphere and "
lassi
al" approximationsIt is useful to �rst outline the di�eren
e between the spheri
al deep-atmosphere assumption and the shallow-atmosphere approximation. In a spheri
al deep-atmosphere, the verti
al lines are not mutually parallel, butdiverging with height. This is due to the assumed spheri
ity of the underlying planet. As a 
onsequen
e, if we
onsider a verti
al 
olumn whi
h has a unit area at ground, the surfa
e of this 
olumn in
reases (quadrati
ally)with the distan
e r to the spheri
al planet's 
enter. Moerover, the gravity de
reases (quadrati
ally) with r.The shallow-atmosphere approximation 
onsists in negle
ting these two e�e
ts, hen
e the area of a verti
al
olumn, and the gravity are assumed independent of height. As a 
onsequen
e, the geometri
al in�nitesimalelement has a 
onstant area. The shallow-atmosphere approximation is well-adapted when one is interestedin des
ribing the evolution inside a thin layer above the ground. However, if one is interested by the evolutionabove 50-100 km (for the earth), the shallow-atmosphere approximation should be relaxed.The Coriolis for
e has non-vanishing 
omponents in all dire
tions in the general 
ase. However, when theresolution is not very �ne, it is usual to negle
t the verti
al 
omponent of the Coriolis for
e as well as thehorizontal 
omponents resulting from the verti
al velo
ity. This simpli�ed-Coriolis approximation is well-adapted when verti
al velo
ities remain smaller than the horizontal ones, but at small s
ales, this 
an be falseand the total Coriolis for
e should be used.The "traditional" approximation is the 
ombination of the shallow-atmosphere and the simpli�ed-Coriolisapproximation. It is known (e.g. White and Bromley, 1995) that the 
ombination of these two assumptions ismore 
onsistent than one of these taken alone. Hen
e relaxation of these approximations should be done inthe same time. 3



1.1.3 mass-based 
oordinateIn small-s
ale meteorology, two main 
lasses of verti
al 
oordinates are possible: height-based and mass-based.Pressure or temperature 
oordinates, whi
h had been used in the past (at the time of large-s
ale meteorology)are not valid for small s
ale meteorology be
ause they are not insured to be monotoni
 with height at smalls
ales. For instan
e, with the hydrostati
 approximation, the pressure is a monotoni
 fun
tion with height,but this is no longer true for non-hydrostati
 systems. This point is easy to 
he
k in the EE system. Theadiabati
 verti
al momentum equation writes in z 
oordinate:
dw

dt
+ g +

RT

p

∂p

∂z
= 0Thus, (∂p/∂z) be
omes negative as soon as (dw/dt) = −g. It 
an be 
he
ked that this situation o

urs atground even for relatively moderate winds, for a mountain of s
ale smaller than a kilometer and few hundredsof meters high. The pressure 
eases to be in
reasing with height when the apparent gravitation in a frameworklinked to the �uid vanishes or be
omes negative.Height-based 
oordinates are based on the geometri
al height, and they have been traditionally used for thedesign of non-hydrostati
 models. However, Laprise (1992), showed that 
hoosing the mass as a 
oordinatewas leading to a system whi
h had many similarities with the HPE system in pressure 
oordinate. Laprise
laimed that starting from a pre-existing numeri
al HPE model in pressure 
oordinate, the transformation toobtain a EE model in hydrostati
-pressure 
oordinate required only very limited 
hanges. Moreover, the verystrong similarity between the two formulations was 
laimed to be an advantage for the 
omparison of resultsobtained with the HPE and EE versions. Sin
e the original HPE Aladin model was in pressure 
oordinate, itwas thus de
ided to adopt the strategy proposed by Laprise.Here we must explain the di�eren
e between the mass-
oordinate and the so-
alled hydrostati
-pressure 
o-ordinate proposed by Laprise. The di�eren
e between these two types of 
oordinates only appears in deepatmospheres. For deep-atmospheres, the mass above a ground area is determined by integrating along geomet-ri
al (diverging) verti
al 
olumns, while the hydrostati
 pressure must be determined by integrating the massin a 
onstant-area verti
al 
olumn. Physi
ally, this may be viewed as a 
onsequen
e of the upward-dire
tedresulting for
e exerted by all the pressure for
es a
ting on the diverging 
oni
 sides of a diverging 
olumn.Hen
e the hydrostati
-pressure is always smaller than the weight of the mass above.For deep atmospheres, the mass-
oordinate is therefore not equivalent to the hydrostati
-pressure 
oordi-nate.Conversely, when the shallow-atmosphere approximation is retained (as in Laprise, 1992), the 
olumn-integrated mass and the hydrostati
 pressure only di�er by a 
onstant fa
tor, and then the two 
oordinatesbe
ome equivalent. In other words the hydrostati
-pressure 
oordinate be
omes a parti
ular 
ase of the mass
oordinate when the shallow atmosphere approximation is retained.Note: It has been shown by Wood and Staniforth (2003), that for the EE system, the natural extension ofthe hydrostati
-pressure 
oordinate from a shallow-atmosphere to a deep-atmosphere is a
tually the mass-
oordinate, and not the hydrostati
-pressure 
oordinate.It should also be noti
ed that in hydrostati
 systems, the apparent gravitation in the �uid framework isne
essarily positive, and the pressure is thus a perfe
tly legitimate 
oordinate. In the HPE system (whi
hin
ludes the shallow-atmosphere and the hydrostati
 approximations), the pressure is equal to the hydrostati
-pressure by 
onstru
tion, and hen
e the pressure 
oordinate is nothing else that a mass-based 
oordinate.In the present version of Aladin-NH, the shallow atmosphere approximation is made, hen
e the hydrostati
-pressure is used as a parti
ular 
ase of the mass-based 
oordinate.4



1.1.4 SI and ICI s
hemesIn the EE system, the presen
e of elasti
 waves whi
h travel at a very high speed in any dire
tion, would imposea very stringent wave-CFL stability 
riterion (espe
ially in the verti
al dire
tion, for whi
h the resolution is veryhigh) if the evolution was treated expli
itly. With the previous generation of HPE models, the semi-impli
it(SI) time-dis
retisation, 
ombined with semi-Lagrangian (SL) transport s
hemes has demonstrated its abilityto e�
iently alleviate the wave-CFL limitations due to the propagation of fast waves. For fully elasti
 modelsSI s
hemes have already been implemented with su

ess in several other 
enters. It was thus de
ided to adoptthis strategy for Aladin-NH as well.SI s
hemes are based on an arbitrary separation of the evolution terms between a linear part, treated ina 
entred-impli
it way, and the so-
alled non-linear (NL) residuals, treated expli
itly. Let assume that theevolution of the system writes:
∂X

∂t
= M(X )then the SI s
heme writes:

δX

δt
= M(X ) + L(X

t
−X )where X

t represents a temporal average of the state-variable X in the time period δt. The operator L is thelinear operator used to de�ne the impli
itly-treated terms. Generally speaking, the L operator is arbitrary, butof 
ourse, if L is 
hosen in a wrong way, the SI s
heme will not have the advantages whi
h are expe
ted fromit in 
omparison to an expli
it s
heme. The most 
ommonly used approa
h to try to insure the relevan
e ofthis linear separation method, is to seek L as the tangent-linear operator of the 
omplete operator M around areferen
e state X ∗, or at least an approximation of this operator. It is shown in se
tion 3.3.5 that is approa
his not always optimal, and better linear systems 
an sometimes be found, based on a 
areful analysis of theproblem.The ICI s
heme is an iteration of the SI s
heme in order to 
onverge toward a fully 
entred-impli
it s
hemewhi
h writes:
δX

δt
= M(X )

tHowever, this would require the inversion of a non-linear impli
it system, a task whi
h is not possible withdire
t methods. Hen
e, an iterative algorithm based on a generalisation of the �xed-point algorithm, is usedas follows:
M(X )

t (0)
= M(X )

[
δX

δt

](i)
= M(X )

t (i−1)
+ L(X

t (i)
−X

t (i−1)
)where X

t (i) is a time average in the period δt after the (i)-eth iteration. The prin
iple of SI and ICI s
hemesis explained in more details in the 
hapter 5.A

ording to the nature of the impli
itly-treated linear terms , three main types of SI s
hemes 
an be distin-guished. The 
oe�
ients of the linear terms 
an be:(i) Constant in time and horizontally(ii) Constant in time but not horizontally 5



(iii) Non-
onstantWhen the above 
ommon approa
h involving the linearization of M around a referen
e state X ∗ is 
hosen,these three 
lasses of SI s
hemes 
an be distinguished a

ording to the properties of X ∗:(i) X ∗ is a stationnary and horizontally homogeneous state(ii) X ∗ is a stationnary state, but non-homogeneous(iii) X ∗ is non-stationnary and non-homogeneous.The SI and ICI time-dis
retisations developed in Aladin-NH belong to the �rst 
lass. The stationarity and thehorizontal homogeneity of X ∗allow a very simple inversion of the impli
it system in the spe
tral spa
e. Thisstrategy is thus very well adapted for a spe
tral model.
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1.2 History of Aladin-NH dynami
al 
ore- 1993: The development of the Aladin-NH dynami
al 
ore began in 1993, after the publi
ation ofLaprise's paper.- 1994: First version of the dynami
al kernel. This version was Eulerian only, and used the followingnonhydrostati
 prognosti
 variables:
P̂ =

p− π

π∗

d̂ = −g
π∗

m∗RT ∗

(
∂w

∂η

)
.An iteration of the so-
alled "X-term" (
f: se
tion 2.3.8 for its de�nition) was ne
essary to avoid someunexplained severe instabilities. An "heuristi
"(i.e. ad ho
) dis
retization of the horizontal wind-shearnear the top and bottom boundaries was also ne
essary to maintain the stability of the model (
f lastparagraph of se
tion 6 of Bunbnova at al., 1995).- 1995: The extension from the Eulerian to a three-time-level (3-TL) semi-Lagrangian (SL) s
heme fails,due to instabilities at large time-steps.- 1996: The implementation of a two-time-levels (2-TL) SL s
heme leads to a very severe instability ofthe system. The model holds only for a few time-steps before blowing-up.- 1996-1998: All developments are stopped, partly for politi
al reasons (not to 
on�i
t with the emergingmeso-NH resear
h proje
t and model) and partly due to a loss of motivation, fa
ing the poor quality ofthe model stability.- 1998: The theoreti
al investigation on the model behaviour is re
ognized as a resear
h topi
, and it isde
ided to re-open the subje
t with dedi
ated for
es. For this, a 2D verti
al plane version of the modelis built to allow the a
ademi
 resear
h.- 1999: An extensive diagnosti
 of the model weaknesses is undertaken. The instabilities are reprodu
edin Aladin-NH for more and more simple �ows, for whi
h a theoreti
al analysis is likely to be attainable.Besides, a signi�
ant e�ort is devoted to built theoreti
al tools for studying analyti
ally the behaviourof the model. These tools mainly 
onsist in 1D and pseudo 2D (for a single horizontal mode) numeri
alanalyses of the 
omplex numeri
al frequen
y of the model in a
ademi
 
onditions. Finally, the imple-mentation of an iterative 
entred impli
it (ICI) s
heme is de
ided, to enfor
e the overall stability of thes
heme.- 2000: Two �rst weaknesses are solved: a mismat
h between the linear and non-linear operator due tothe spe
i�
ation of the 
onservation of angular momentum (see se
tion 4.11.1); and an in
orre
t 
hoi
eof the two non-hydrostati
 prognosti
 variables. Two new variables are proposed: P and d (see se
tion2.3.7). As a 
onsequen
e of these two points, the "heuristi
" dis
retization of the wind at top andbottom (see item 1994) 
an be relaxed.- 2001: Another weakness is identi�ed: the above 
hoi
e d is not enough to stabilize the model in presen
eof orography. A new variable dl is proposed. The 3-TL SI SL s
heme be
omes stable and a

urate forreal 
ases at 2 km resolution.- 2002: The weakness whi
h prevents the use of 2-TL s
hemes is identi�ed. A slight modi�
ation (
alledSITRA) allows to remove this obsta
le (see se
tion 3.3.5). The 2-TL SI SL s
heme be
omes stable anda

urate for real 
ases at 2 km resolution. The ICI s
heme is shown to allow an in
rease of stability in
ase of a very steep orography. The Aladin-NH model is 
hosen as the dynami
al kernel of the futureoperational NH fore
ast system AROME. 7



- 2003: The bottom-boundary 
ondition of the semi-Lagrangian version is improved (s
heme LNEWBC, seese
tion 4.7.2). This removes the spurious so-
alled "
himney e�e
t" whi
h was observed in orographi
�ows with the semi-Lagrangian version. Similarly, the horizontal-di�usion sour
e term is introdu
ed inthe rigid bottom boundary 
ondition of the verti
al velo
ity to avoid a spurious stationary response forhighly non-linear orographi
 �ows.- 2003-2004: A 
ollaboration with the HIRLAM group is agreed in order that the Aladin-NH dynami
al
ore 
an be used as a 
omponent of the NWP system of HIRLAM appli
ations. For this, an additionalgeometry (rotated/tilted Mer
ator proje
tion) has been introdu
ed in Aladin. This geometry is 
onfor-mal (being a Mer
ator proje
tion) but is asymptoti
ally 
lose to the HIRLAM rotated lat/lon geometryfor small domains. The des
ription of the aladin geometry is not spe
i�
 to the NH version, and ishen
e des
ribed in a separate do
ument.- 2004-2005: An harmonization of the te
hniques used in ARPEGE/IFS and Aladin to solve the dis
reteHelmholtz equation of the SI s
heme is found desirable for the extension of the Aladin-NH dynami
alkernel to global modelling: in ARPEGE/IFS the dis
rete Helmholtz operator is diagonalised and theninverted in its own verti
al eigenspa
e, as required for solving properly the SI s
heme in stret
hedappli
ations (see Yessad and Bénard, 1996). In Aladin, the Helmholtz operator was dire
tly invertedas a whole in the setup part, but this method is not valid for the global (possibly stret
hed) model.Therefore the te
hnique used in ARPEGE/IFS is implemented in Aladin as well, in order to allow atransparent extension of the NH fun
tionality to the global model. This ingredient is des
ribed in thisversion of the do
umentation, although not yet implemented in the 
ode (see se
tion 5.10).- 2004-2005: It is anti
ipated that the Aladin-NH model 
ould be
ome unstable for larger domains thanthose used 
urrently, be
ause of the signi�
ant deviation of the a
tual map-fa
tor m with respe
t tothe linearized map-fa
tor m∗ in the SI s
heme. A solution for this potential problem would be to usea spatially-variable linearized map-fa
tor (as in the stret
hed version of ARPEGE). In this 
ase, thealgebrai
 manipulations to build the SI Helmholtz stru
ture equation must take into a

ount the non-
ommutativity of the map-fa
tor multipli
ation operator with the horizontal derivative operator. Thisingredients is des
ribed in this version of the do
umentation, although not yet implemented in the 
ode(see se
tions 3.3.6, 3.4 and 5.10).

8



1.3 Versions of this do
umentationHere is a list of the su

essive versions of this do
umentation.
• Version 1 (1995 · · · 2001) :The �rst releases of this do
umentation were not labelled as versions. They basi
ally 
ontained thedes
ription of the model 
orresponding to Bubnová et al., 1995:- Eulerian version only.- variables P̂ and d̂- partial SI iteration of the so-
alled "X-term"- Eulerian bottom BC for the verti
al momentum equation- in
onsisten
y in angular momentum 
onservation 
onstraint.- Ne
essary "heuristi
" top- and bottom-boundary 
ondition for the horizontal wind
• Version 2.0 (De
ember 2003) :Contains the following modi�
ations:- valid for Eulerian, SL 3-TL, and SL 2-TL versions- variables P, d, and dl- SI and ICI time-dis
retisations- Eulerian and Lagrangian bottom BC for the verti
al momentum equation- removed in
onsisten
y in angular momentum 
onservation 
onstraint.- removed "heuristi
" top- and bottom-boundary 
ondition for the horizontal wind- SITRA s
heme for the 2-TL SL version.
• Version 2.1 (November 2004) :The present version. Contains the following modi�
ations:- valid for the 
ouples of variables (P, d), and (q̂, dl)- Fa
torisation of the dis
rete SI Helmholtz operator as in ARPEGE/IFS(i.e. in the dis
rete verti
al eigenmodes spa
e, 
f. se
tion 5.10.1).- valid for spatially-variable linearized map-fa
tor m∗ in the SI s
heme

9



Chapter 2Continuous Equations in the CartesianSystem(18/11/2003)2.1 Introdu
tionMass-based 
oordinates, as proposed by Laprise (1992), are an attra
tive alternative to height-based 
oordi-nates for solving the Euler equations (EE) system. Moreover, when an orography is present, the introdu
tionof a mass-based hybrid terrain-following 
oordinate "η" takes a very similar form as for the HPE system inthe usual pressure-based 
oordinates.- In a �rst step, the system of 
ontinuous 
ompressible equations in the 
artesian geometry is introdu
edin the natural set of prognosti
 variables (w, p) for the pure π 
oordinate and for the hybrid η 
oordinate.- Then, the 
ontinuous sytem is derived for the spe
i�
 set of prognosti
 variables used in Aladin-NH.The reason for these 
hanges of prognosti
 variables is for in
reasing the robustness of the SI s
heme,and to avoid verti
al staggering (see se
tion 2.3.7).- The tangent-linear version of the 
ontinuous system around a steady and horizontally homogeneous basi
state is presented, in order allow the derivation of the 
ontinuous stru
ture equation and of the normalmodes. This linear system will also serves as a basis for the design of the SI and ICI time-dis
retisations.- The energy and angular-momentum global invariants are �nally presented2.2 Continuous Euler Equations in pure mass-based 
oordinatesThe spa
e and time 
ontinuous EE system for a 
artesian geometry and a shallow atmosphere in mass-based
oordinates is introdu
ed here. The pure mass-based 
oordinate, whi
h thus redu
es to the pure hydrostati
-pressure 
oordinate π is �rst introdu
ed, then the system is transformed into the hybrid hydrostati
-pressureterrain-following 
oordinate η, in an exa
tely similar way as for the HPE ARPEGE/IFS system (Simmons andBurridge, 1981). Finally, the system is derived for the two sets of NH prognosti
 variables used in Aladin-NH,that is (P , d) and (P , dl). 10



2.2.1 The verti
al 
oordinate "hydrostati
 pressure", πThe hydrostati
-pressure π is de�ned at ea
h point by the weight of the unit-area air 
olumn above this point.It is seen therefore that the π 
oordinate is a mass-
oordinate due to the shallow-atmosphere assumption.The �rst remark is that this 
oordinate is, by 
onstru
tion, monotoni
 with respe
t to the geometri
al height,whi
h is not the 
ase for the pressure itself, as stated above.To illustrate the di�eren
e between the pressure p and the hydrostati
-pressure π in a physi
al way, it is
onvenient to imagine what would happen in the 
ase of a very rapid �ow (let's say in the soni
 range) in thearea lo
ated just above a montaneous ridge. The lo
al pressure is 
ertainly dramati
ally weak in this area,due to the dynami
al depressurisation, analogous to the one whi
h o

urs at the vi
inity of a plane's wingextrados. At the opposite, the hydrostati
 pressure in the area will be determinated only by the weight of theatmosphere in a unit-area 
olumn above the area, i.e. by the repartition of density in the regions above theone 
onsidered here. This hydrostati
-pressure thus has no spe
ial reason to be very small in the 
onsideredarea.In the real atmosphere, manometers and barometers give a measurement of the true pressure itself. Converselyto the true pressure, the hydrostati
-pressure is not a

essible to a dire
t measurement with any lo
al intrument.The knowledge of the hydrostati
 pressure requires a knowledge of the density pro�le in the whole 
olumnabove the 
onsidered point.The π 
oordinate is de�ned in the lo
al geographi
al (x, y, z) 
artesian geometri
al 
oordinate system by:
∂π

∂z
= −ρgwhere ρ is the density. Hen
e:

π(x, y, z, t) =

∫ +∞

z

ρ(x, y, z′, t)gdz′where Ox is oriented toward the east, Oy toward the north, and Oz upwards.2.2.2 Domain limits in π 
oordinateThe atmosphere is assumed to be limited by:
π(x, y, z, t) ∈ [πT (x, y, t), πs(x, y, t)]where πT and πs are two fun
tions depending on (x, y, t) only. However, it 
an be spe
i�ed without loss ofgenerality that πT is a pure 
onstant (see Chapter 9). As a 
onsequen
e, the domain limits are de�ned by:

π(x, y, z, t) ∈ [πT , πs(x, y, t)] (2.1)Material boundary 
onditionsThe limits of the domain are now spe
i�ed to be material. This expresses the fa
t that the mass �ux is zerothrough the limits of the domain. This writes in π 
oordinate (see se
tion 9.3.2):
π̇(π=πs) =

∂πs

∂t
+ Vs.∇πs (2.2)

π̇(π=πT ) =
∂πT

∂t
+ VT .∇πT (2.3)11



2.2.3 Euler equations system in π 
oordinateThe system des
ribing the �ow 
an be obtained from the 
lassi
al height 
oordinate one by simply expressingthe lo
al geometry of the 
oordinate 
hange:
∂

∂z
= −

p

RT
g
∂

∂π

∇z = ∇π +
p

RT
(∇πφ)

∂

∂πwhere φ is the geopotential (φ = gz).The π-
oordinate system then writes, in the lo
al frame (see Laprise, 1992):
dV

dt
+
RT

p
∇πp+

∂p

∂π
∇πφ = V (2.4)

dw

dt
+ g

(
1 −

∂p

∂π

)
= W (2.5)

∇πV +
∂π̇

∂π
= 0 (2.6)

dT

dt
−
RT

Cp

1

p

dp

dt
=

Q

Cp
(2.7)

dp

dt
+
Cp

Cv
pD3 =

Qp

CvT
(2.8)

dφ

dt
= gw (2.9)

∂φ

∂π
= −

RT

p
(2.10)with the following notations:� V : Horizontal wind ve
tor.� ∇π : Horizontal gradient on 
onstant π surfa
es.� d

dt
= ∂
∂t

+ V.∇π + π̇ ∂
∂π

: Lagrangian derivative.� p : True pressure.� T : Temperature.� w : Verti
al velo
ity (dz/dt).� D3 = ∇π.V + ρ(∇πφ).
(
∂V
∂π

)
− gρ∂w

∂π
: True 3-dimensional divergen
e of the wind.� ρ =

p
RT : density .� V ,W , Q : Physi
al 
omponents of the for
ing (V in
ludes Coriolis term).2.3 Continuous Euler Equations in hybrid mass-based 
oordi-nates2.3.1 The hybrid verti
al 
oordinate ηThe hybrid 
oordinate η makes simpler the representation of dynami
ally 
onsistent bottom boundary 
ondi-tions in presen
e of orography. This 
oordinate 
an be introdu
ed from π in exa
tely the same way as thepressure hybrid 
oordinate is usually introdu
ed from the pressure 
oordinate in hydrostati
 models:12



π(x, y, η, t) = A(η) +B(η)πs(x, y, t)where πs is the ground hydrostati
 pressure (i.e. the weight of a unit-area air 
olumn above the ground).NOTATION: We will note hen
eforth m(x, y, η, t) the verti
al metri
 fa
tor:
m =

∂π

∂η
(2.11)The variation domain of η 
an be de�ned by [ηs, ηT ℄. We impose, without any loss of generality, the numeri
alvalue of the η 
oordinate at the two boundaries to be:

ηs = 1 (2.12)
ηT = 0 (2.13)The fun
tions A and B are two arbitrary fun
tions. Indeed they are not totally arbitrary be
ause they mustsatisfy:

dA

dη
+ πs

dB

dη
> 0for any value of πs in the domain. In pra
ti
e, A and B are 
hosen in su
h a way that:

dA

dη
+ πsMin

dB

dη
> 0where πsMin is a number smaller that the smallest likeky value of πs in the domain and through all theduration of the fore
ast.2.3.2 Upper domain limitThe upper limit of the domain spe
i�ed in η is given by η = 0 and π = πT . As mentionned above πT is apure 
onstant. Hen
e the upper boundary limit thus writes in terms of A and B:

A(0) = πT

B(0) = 0In a �rst stage (and in the present version of the do
umentation) it is assumed that πT = 0. This 
hoi
e iswell-suited to des
ribe a verti
ally unbounded atmosphere (see Chapter 9). Hen
e for the 
urrent version ofthe do
umentation:
A(0) = 0

B(0) = 0However, sin
e ARPEGE/Aladin is 
onsidered as a 
ommunity tool with possible meso-s
ale appli
ations, itis planned to implement the possibility to run the model with a verti
ally bounded atmosphere. In this 
ase,
πT = Cst 6= 0 has to be imposed as the upper limit of the domain (see also Chapter 9)13



2.3.3 Lower domain limitThe lower limit of the domain is spe
i�ed by η = 1 and π = πs(x, y, t), whi
h in terms of A and B fun
tionswrites:
A(1) = 0

B(1) = 12.3.4 Material boundary 
onditionsThe spe
i�
ation of material boundary 
onditions into the η 
oordinate yields (see se
tion 9.3.2):
η̇(1) = 0 (2.14)
η̇(0) = 0 (2.15)Note: As in ARPEGE (so-
alled 
ase "δm = 1"), the 
onservation of the atmospheri
 air total mass duringevaporation/pre
ipitation pro
esses at ground level 
an be handled trough a spe
i�
ation of ˙η(1). In a similarway, the equations of the AROME model for the multi-phasi
 atmosphere are planned to take into a

ount themass-�ux of the total atmospheri
 par
el a
ross the ground surfa
e. However, these aspe
ts are not dis
ussedin the 
urrent version of the do
umentation.2.3.5 Transformation rulesThe transformation rules from π toward η are:

∂

∂π
=

1

m

∂

∂η
(2.16)

∇π = ∇η − (∇ηπ)
1

m

∂

∂η
(2.17)Whi
h yields:

m =
dA

dη
+ πs

dB

dη
(2.18)

∇ηπ = B∇ηπs = Bπs∇(ln πs) (2.19)2.3.6 Euler equations system in hybrid 
oordinates ηThe system 
ast in π 
oordinates 
an easily be transformed to η by appli
ation of the above transformationrules between the two systems:
dV

dt
+
RT

p
∇p+

1

m

∂p

∂η
∇φ = V (2.20)

γ
dw

dt
+ g

(
1 −

1

m

∂p

∂η

)
= γW (2.21)

dT

dt
−
RT

Cp
.
1

p

dp

dt
=

Q

Cp
(2.22)14



dp

dt
+
Cp

Cv
pD3 =

Qp

CvT
(2.23)

∂m

∂t
+ ∇(mV) +

∂

∂η
(mη̇) = 0 (2.24)
dφ

dt
= gw (2.25)

∂φ

∂η
= −m

RT

p
(2.26)where ∇ is the horizontal derivative operator along 
onstant η surfa
es (noted ∇η above). The expression forthe lo
al 3-dimensional divergen
e D3 is:

D3 = ∇.V +
1

m

p

RT
∇φ.

(
∂V

∂η

)
−
g

m

p

RT

∂w

∂η
(2.27)The integration of the 
ontinuity equation on the verti
al through the whole depth of the atmosphere leadsto the surfa
e hydrostati
 pressure tenden
y equation:

∂πs

∂t
+ ∇

∫ 1

0

mVdη = 0 (2.28)In the same way, integrating from the top to the 
urrent level gives the pseudo-verti
al velo
ity in η 
oordinate:
mη̇ = B

∫ 1

0

∇.mVdη −

∫ η

0

∇.mVdηFinally the Lagrangian derivative of hydrostati
 pressure π̇ (
lassi
ally named ω) 
an be obtained from thetwo previous equations, and leads to the following diagnosti
 relation:
ω = π̇ = V.∇π −

∫ η

0

∇.mVdη (2.29)The horizontal gradient of geopotential is given by verti
ally integrating (2.26):
∇φ = ∇φs +

∫ 1

η

∇

(
mRT

p

)
dη (2.30)2.3.7 Formulation with redu
ed non-hydrostati
 pressure departure �P" andverti
al divergen
e �d"Traditionnally, the problem of big 
an
elling terms in verti
al momentum equation is alleviated by using thenon-hydrostati
 pressure departure p′ = p−π as a prognosti
 variable instead of the true pressure p. To avoidsome instability in the semi-impli
it s
heme (see se
tion 5.7), this departure p′ is res
aled by the hydrostati
pressure π. Finally, the NH prognosti
 variable for the pressure equation is:

P =
p− π

πThe prognosti
 equation for P then is obtained by logarithmi
 derivative of its de�nition:
dP

dt
= (1 + P)

(
1

p

dp

dt
−

1

π

dπ

dt

)

= −(1 + P)

(
Cp

Cv
D3 +

π̇

π

)
+ (1 + P)

Q

CvT
(2.31)where the diagnosti
 �elds D3 and (π̇/π) are obtained from (2.27) and (2.29).15



In a similar way, the stability of the semi-impli
it s
heme 
alls for a 
hange towards a pseudo verti
al divergen
e:
d = −g

ρ

m

∂w

∂η
(2.32)in repla
ement of the original verti
al velo
ity variable. The density is given by ρ = [π(1 + P)/RT ].Additionally this 
hoi
e of a new prognosti
 variable in term of divergen
e avoids to have a verti
al staggeringof the verti
al momentum prognosti
 variables, as it would be the 
ase if the verti
al velo
ity w was 
hosenas a prognosti
 variable. This point is important be
ause a verti
al staggering of prognosti
 variables wouldautomati
ally imply the ne
essity of having two separate sets of origin points in the semi-Lagrangian s
heme(one set for the non-staggered variables and one set for the verti
ally staggered variables). For the simpli
ity(and e�
ien
y) of the semi-lagrangian model, the absen
e of verti
al staggering is thus a real advantage. Thisnaturally lead to use d in lieu of w as a prognosti
 variable.The verti
al velo
ity is diagnosed from d through:

w = ws +

∫ 1

η

∇

(
mRTd

gπ(1 + P)

)
dη (2.33)From the logarithmi
 derivation of the above de�nition, one obtains the following evolution equation for d:

dd

dt
= d

1

p

dp

dt
− d

1

T

dT

dt
− d

1

m

dm

dt
− g

p

mRT

d

dt

(
∂w

∂η

)one 
an write:
1

T

dT

dt
−

1

p

dp

dt
= D3Moreover we have:

d

dt

(
∂w

∂η

)
=
∂ẇ

∂η
−
∂V

∂η
.∇w −

∂η̇

∂η
.
∂w

∂ηwhi
h yields:
d

dt

(
∂w

∂η

)
= g

∂

∂η

(
1

m

∂πP

∂η

)
−
∂V

∂η
.∇w −

∂η̇

∂η
.
∂w

∂η
+
∂W

∂ηand we also have:
1

m

dm

dt
= −

(
∇.V +

∂η̇

∂η

)Hen
e:
−

d

m

dm

dt
− g

p

mRT

d

dt

(
∂w

∂η

)
= dD − g2 p

mRT

∂

∂η

(
1

m

∂πP

∂η

)
− g

p

mRT

∂W

∂η
+ g

p

mRT

∂V

∂η
.∇wand �nally, the prognosti
 equation for d writes:

dd

dt
= −g2 p

mRT

∂

∂η

(
1

m

∂πP

∂η

)
+ g

p

mRT

∂V

∂η
.∇w + d(∇.V −D3) − g

p

mRT

∂W

∂η
(2.34)The quantity ∇w is obtained diagnosti
ally from (2.33):

g∇w = g∇ws +

∫ 1

η

mRT

p
∇d dη′ −

∫ 1

η

d
∂∇φ

∂η
dη′16



Using the new variables and 
ombining the temperature and pressure equation, the original η-system 
an thusbe rewritten:
dV

dt
+
RT

p
∇p+

1

m

∂p

∂η
∇φ = V (2.35)

dd

dt
+ g2 p

mRT

∂

∂η

(
1

m

∂πP

∂η

)
− g

p

mRT

∂V

∂η
.∇w − d(∇.V −D3) = −g

p

mRT

∂W

∂η
(2.36)

dT

dt
+
RT

Cv
D3 =

Q

Cv
(2.37)

dP

dt
+ (1 + P)

Cp

Cv
D3 + (1 + P)

π̇

π
= (1 + P)

Q

CvT
(2.38)

D3 = ∇.V + d +
p

mRT
∇φ .

(
∂V

∂η

) (2.39)
∂πs

∂t
+

∫ 1

0

∇ (mV)dη = 0 (2.40)
dφ

dt
= gw (2.41)

∂φ

∂η
= −m

RT

π(1 + P)
(2.42)

p = π(1 + P) (2.43)2.3.8 Formulation with redu
ed non-hydrostati
 pressure departure "q̂" andmodi�ed verti
al divergen
e "dl"In this se
tion we introdu
e two alternative prognosti
 nonhydrostati
 variables (q̂, dl) in repla
ement of (P ,
d). The repla
ement of P by q̂ brings no signi�
ant di�eren
es in terms of the performan
e of the model,as far as experiments have shown it, but this latter variable q̂ has been ele
ted as the most probable variableto be kept when the 
ode will be 
leaned in order to eliminate redundant possibilities.This new variable q̂ isde�ned by:

q̂ = ln(p/π) (2.44)On the other hand, the variable dl leads to a more robust s
heme in presen
e of orography than the variable
d (Bénard et al., 2004b) . This new variable dl is de�ned by:

dl = d +
p

mRT
∇φ .

(
∂V

∂η

)
≡ D3 −∇V (2.45)The 
ross-term dl − d = D3 −∇V is traditionally 
alled the "X-term" and will be noted X:

X =
p

mRT
∇φ .

(
∂V

∂η

) (2.46)The evolution equation for dl 
an be derived from (2.34):
ddl

dt
= −g2 p

mRT

∂

∂η

(
1

m

∂π(exp q̂ − 1))

∂η

)
+ g

p

mRT

∂V

∂η
.∇w

+dl(X − dl) − g
p

mRT

∂W

∂η
+ Ẋ (2.47)The last term is left in the form of a lagrangian derivative Ẋ on purpose, be
ause it will have a spe
i�
time-dis
retisation (see se
tion 5.8). With this new variable, the 3-D divergen
e writes:17



D3 = ∇V + dl (2.48)The other equations are not formally modi�ed with respe
t to (2.35)�(2.43), ex
ept that the expression of D3to be used is (2.48) instead of (2.39).The evolution equation for q̂ 
an be derived from (2.31):
dq̂

dt
= −

(
Cp

Cv
D3 +

π̇

π

)
+

Q

CvT
(2.49)2.4 Conservation of EnergyIt has been shown by Laprise (1992) that the total energy invariant on the sphere is de�ned, for the 
onsideredsystem by:

∫ 2π

0

∫
−π/2

−π/2

∫ 1

0

(K + CvT + φ)m.dη.a cosϕ.dϕ.dλ (2.50)where λ and ϕ are the longitude and latitude, andK is the 3-dimensional kineti
 energy: K = (1/2)(V2+w2).The demonstration is not repeated here, and the reader is referred to Laprise, 1992 for more details. It isadmitted here that (K + CvT + φ) is the energy invariant also valid for the Cartesian framework used here.2.5 Conservation of Total Angular MomentumIn an hydrostati
 atmosphere, the 
onservation of angular momentum in the absen
e of external for
ing 
anbe expressed on a latitude 
ir
le (Simmons and Burridge, 1981) by:
∫ 2π

0

[∫ 1

0

(
∂φ

∂λ
+
RT

π

∂π

∂λ

)
m.dη + φs

∂πs

∂λ

]
dλ = 0 (2.51)In the 
ase of fully 
ompressible �uid, this 
onservation law must be revised. Here we derive a mathemati
alrule whi
h expresses a relationship between the geopotential and pressure gradients from the state equation,then we show how this rule 
ontains the generalisation of (2.51) to the Euler equations system.We have:

mRT

p
= −

∂φ

∂ηHen
e:
∫ 1

0

mRT

p
~∇p dη = −

∫ 1

0

∂φ

∂η
~∇p dη = −

∫ 1

0

∂

∂η
(φ− φs) ~∇p dη

(
∂φs

∂η
= 0

)

= −
[
(φ− φs) ~∇p

]1
0︸ ︷︷ ︸

0

+

∫ 1

0

(φ− φs)
∂

∂η
~∇p dη

(
p
∣∣
η=0

= 0 =⇒ ~∇p
∣∣
η=0

= 0
)

=

∫ 1

0

(φ− φs) ~∇
∂p

∂η
dη

⇒

∫ 1

0

mRT

p
~∇p dη =

∫ 1

0

(φ− φs) ~∇
∂p

∂η
dη (2.52)18



Integrating along a 
losed latitude 
ir
le yields:
∫ 2π

0

∫ 1

0

mRT

p

∂p

∂λ
dη dλ =

∫ 2π

0

∫ 1

0

(φ− φs)
∂

∂λ

(
∂p

∂η

)
dη dλ =

=

∫ 1

0

∫ 2π

0

φ
∂

∂λ

(
∂p

∂η

)
dλ dη −

∫ 2π

0

φs

∫ 1

0

∂

∂η

(
∂p

∂λ

)
dη dλ =

=

∫ 1

0

([
φ
∂p

∂η

]λ=2π

λ=0︸ ︷︷ ︸
0

−

∫ 2π

0

∂φ

∂λ

∂p

∂η
dλ

)
dη −

∫ 2π

0

φs
∂ps

∂λ
dλ =

= −

∫ 2π

0

∫ 1

0

∂φ

∂λ

∂p

∂η
dη dλ −

∫ 2π

0

φs
∂ps

∂λ
dλwhi
h leads to the generalisation of (2.51) for the Euler equations system:

∫ 2π

0

[∫ 1

0

(
∂φ

∂λ

∂p

∂η
+
RT

p

∂p

∂λ

∂π

∂η

)
dη + φs

∂ps

∂λ

]
dλ = 0 (2.53)The 
onne
tion between (2.53) and angular momentum 
onservation is not yet very 
lear at this point. Furtheranalysis shows that this formula (multiplied by a2

g

osϕ and integrated through ϕ) re�e
ts the followingrequirement (applied on a fri
tionless atmosphere, and 
onsidering only the 
omponent parallel to earth'srotation axis):The net torque of all for
es a
ting on system is equal to the net torque of external for
es. Inother words, the net torque of internal for
es is zero, and the total angular momentum along theearth rotation axis is 
onserved in the absen
e of external for
es.It is seen that the 
onservation of the global angular-momentum follows indire
tly from a stronger lo
alrelationship (2.52) for ea
h 
olumn of the atmosphere. This lo
al relationship will be used as a 
onstraint forthe design of the verti
al dis
retisation.
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2.6 Final Form of Dynami
al Model Equations (variables P, d)2.6.1 Prognosti
 equations
dV

dt
+
RT

p
∇p+

1

m

∂p

∂η
∇φ = V (2.54)

dd

dt
+ g2 p

mRT

∂

∂η

(
1

m

∂πP

∂η

)
− g

p

mRT

∂V

∂η
.∇w − d(∇.V −D3) = −g

p

mRT

∂W

∂η
(2.55)

dT

dt
+
RT

Cv
D3 =

Q

Cv
(2.56)

dP

dt
+ (1 + P)

Cp

Cv
D3 + (1 + P)

π̇

π
= (1 + P)

Q

CvT
(2.57)

∂πs

∂t
+

∫ 1

0

∇ (mV)dη = 0 (2.58)2.6.2 Dynami
al model diagnosti
 relationsSome diagnosti
 relations are used in order to 
ompute various terms involved in the previous set of prognosti
equations:
m = (∂π/∂η) (2.59)
p = π(1 + P) (2.60)
φ = φs +

∫ 1

η

mRT

π(1 + P)
dη (2.61)

D3 = ∇V +
1

m

p

RT
∇φ.

(
∂V

∂η

)
+ d (2.62)

mη̇ = B

∫ 1

0

∇.mVdη −

∫ η

0

∇.mVdη (2.63)
π̇ =

(
V.∇π −

∫ η

0

∇.mVdη

) (2.64)
g∇w = g∇ws +

∫ 1

η

mRT

p
∇d dη′ −

∫ 1

η

d
∂∇φ

∂η
dη′ (2.65)
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2.7 Final Form of Dynami
al Model Equations (variables P, dl)2.7.1 Prognosti
 equations
dV

dt
+
RT

p
∇p+

1

m

∂p

∂η
∇φ = V (2.66)

ddl

dt
+ g2 p

mRT

∂

∂η

(
1

m

∂πP

∂η

)
− g

p

mRT

∂V

∂η
.∇w − dl(X − dl) − Ẋ = −g

p

mRT

∂W

∂η
(2.67)

dT

dt
+
RT

Cv
D3 =

Q

Cv
(2.68)

dq̂

dt
+
Cp

Cv
D3 +

π̇

π
=

Q

CvT
(2.69)

∂πs

∂t
+

∫ 1

0

∇ (mV)dη = 0 (2.70)2.7.2 Dynami
al model diagnosti
 relationsSome diagnosti
 relations are used in order to 
ompute various terms involved in the previous set of prognosti
equations:
m = (∂π/∂η) (2.71)
p = π [exp(q̂) − 1] (2.72)
φ = φs +

∫ 1

η

mRT

π(1 + P)
dη (2.73)

D3 = ∇V + dl (2.74)
mη̇ = B

∫ 1

0

∇.mVdη −

∫ η

0

∇.mVdη (2.75)
π̇ =

(
V.∇π −

∫ η

0

∇.mVdη

) (2.76)
g∇w = g∇ws +

∫ 1

η

mRT

p
∇(dl − X) dη′ −

∫ 1

η

(dl − X)
∂∇φ

∂η
dη′ (2.77)

X =
p

mRT
∇φ .

(
∂V

∂η

) (2.78)
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Chapter 3Asso
iated Linear Continuous System(18/09/2003)3.1 Introdu
tionIf we 
onsider an atmosphere in a given state (noted symboli
ally X ∗), the instantaneous evolution of smallamplitude disturban
es around this state X ∗ 
an be dedu
ed from the analysis of the linearised set of equationsaround X ∗ (noted symboli
ally L). If X ∗ is stationary, the linearized system L allows to predi
t the long-termevolution of su
h small disturban
es around this stationary-state X ∗ through:
∂X

∂t
= L.X (3.1)where X is a symboli
 notation for the disturban
e stru
ture. The disturban
es whi
h have a periodi
 evolutionin time 
an then be found as solution of a (
omplex) eigenmode problem, sin
e they satisfy:

L.Xω = iωXω (3.2)where ω is the frequen
y of the mode and Xω the asso
iated stru
ture (eigenfun
tion). These periodi
disturban
es are 
alled normal modes of the system around X ∗, provided they have a bounded energy density(
f: Bénard, 2003 and Bénard et al., 2004b). The analyti
al solution of this eigenproblem is not always possible.In fa
t the analysis of the normal modes is analyti
ally possible only for some very simple X ∗ stationary-states.However, the analyti
 des
ription of the normal modes for these very simple states is important sin
e it allowsto des
ribe how fast disturban
es (waves) propagate in the domain. This points out the theoreti
al importan
eof deriving the linearized system, at least for very simple states X ∗.Moreover, there is another reason why the derivation of the linear system is important. It will be seen in Chapter5 that the most e�
ient s
hemes are those who allow an impli
it treatment of a part of the evolution termsof the 
omplete system. However, the solution of the resulting impli
it problem requires some linearizationof the system (as already mentionned in se
tion 1.1.4), be
ause non-linear impli
it systems 
annot be solvedby dire
t methods. This di�
ulty 
an be 
ir
umvented by using a linearized system L, whi
h then a
ts asa pre-
onditioner for the solution of the impli
it problem through a pre
onditioned generalized �xed-pointiterative algorithm (see Bénard, 2003 for more details). This points out the pra
ti
al importan
e of derivingthe linearized system, for allowing an impli
it treatment of the evolution terms.Hen
e, the derivation of the linear system asso
iated to the 
omplete set of equation is important for boththeoreti
al and pre
ti
al reasons. 22



3.2 Choi
e of the Linear System for Impli
it TreatmentsAs stated in Bénard (2004), the 
hoi
e of the linear system L, used as a pre-
onditioner to solve the impli
itproblem resulting from an impli
it time treatment, is arbitrary. However, an "irrelevant" 
hoi
e for L will nothelp to enhan
e the 
onvergen
e towards the non-linear impli
it solution and thus will not pra
ti
ally ensurethe stability and robustness of the system. Hen
e a relevant 
hoi
e of the L linear system used in the impli
ittreatment is important for allowing an e�
ient time dis
retisation.In a general way, an optimal 
onvergen
e/robustness 
ould be expe
ted when L is the tangent-linear systemaround the a
tual state of the atmosphere at the time t where the system is to be solved. This is be
ause thenon-linear residuals are then minimum. However, the impli
it problem to be solved for su
h a linear systemwould be very 
omplex. An attempt of this approa
h is found in Skamaro
k et al. (1997) , and in a lesserextent in Thomas et al. (1998). The problem is made 
ompli
ated to solve be
ause the 
oe�
ients of thelinear system are then variable in time and in the horizontal dire
tions. Hen
e the solution of a 
omplete 3Dspatial partial di�erential equations system is needed at ea
h time-step. This approa
h is better adapted formodels whi
h do not use the spe
tral transform method.For spe
tral models like Aladin-NH, it is strategi
ally 
onvenient that the spe
tral transform plays the roleof the horizontal part of the impli
it solver. This 
ondition is ful�lled if the 
oe�
ients of the linear system
L are horizontally homogeneous. Moreover, if the 
oe�
ients of L are 
onstant in time, the impli
it system
an be inverted at the level of the model set-up, thus resulting in a further e�
ien
y. As a 
onsequen
e, the
hoi
e of a linear system in whi
h the 
oe�
ients are 
onstant in time and horizontally, is a strategi
 
hoi
efor Aladin-NH. This approa
h is referred to as "
onstant-
oe�
ients approa
h".In the following series of papers:- Bénard, 2003- Bénard et al., 2004a- Bénard, 2004- Bénard et al., 2004bit is shown that in spite of its simpli
ity, this 
onstant-
oe�
ients approa
h, whi
h has extensively proven tobe strategi
ally relevant for the HPE system, is also strategi
ally relevant for the EE system.3.3 Derivation of the linear system3.3.1 Basi
 stateBoth for the theoreti
al analysis and in the semi-impli
it and iterative-
entred-impli
it s
hemes of Aladin-NH,the linear operator L is based on the linearized set of equations around a very simple atmospheri
 state X ∗whi
h is:- Resting- Hydrostati
ally balan
ed- isothermal- horizontally homogeneous- with a vanishing surfa
e geopotential.Following a 
lassi
al notation, the basi
 state variables are represented by an asteris
.We thus have: 23



T ∗ = Cst

u∗ = v∗ = 0

w∗ = d∗ = dl∗ = 0

φ∗s = φ∗(η=1) = 0

P∗ = q̂ = 0

π∗

s = CstThe basi
 state is horizontally homogeneous (along iso-η surfa
es). The variables φ∗, π∗ and m∗ are fun
tionsof η only. The equation of state for the basi
 state is:
dφ∗

dη
= −RT ∗

m∗

π∗
(3.3)The verti
al integration of the previous equation shows that the fun
tion (φ∗ +RT ∗ lnπ∗) is independant of

η:
φ∗ +RT ∗ lnπ∗ = CstWe set the value of this 
onstant by spe
ifying the hydrostati
 pressure at ground in the basi
 state:
π∗

(η=1) = π∗

s (= Cst)The true pressure in the basi
 state p∗ is of 
ourse equal to its hydrostati
 
ounterpart π∗ sin
e the basi
 stateis under hydrostati
 equilibrium: p∗ = π∗, thus we have ρ∗ = (π∗/RT ∗).The basi
 state is now entirely de�ned. One 
an see that it is des
ribed by the 
hoi
e of two arbitrary 
onstants:
T ∗, and π∗

s . This 
hoi
e has some impli
ations in terms of stability of the semi-impli
it s
heme (see Simmonset al. (1978), and the 2003-2004 series of papers by Bénard et al. on the SI stability).The verti
al pro�le of pressure in the basi
 state is a 
onsequen
e of the 
hoi
e of the A and B fun
tionsde�ning the verti
al 
oordinate:
π∗

(η) = A(η) +B(η)π
∗

s (3.4)
m∗

(η) =
dA

dη
+
dB

dη
π∗

s (3.5)3.3.2 De�nition of the deviationFor a given state of the atmosphere in the 
omplete system, we de�ne the deviation by the di�eren
e withthe lo
al value in the basi
 state. Classi
ally, the quantities relatives to the deviation are primed. For thetemperature and dynami
al variables, we have thus:
T = T ∗ + T ′

φ = φ∗(η) + φ′

φs = φ∗s = 0

u = u∗ + u′ = u′

v = v∗ + v′ = v′

w = w∗ + w′ = w′

D = D∗ +D′ = D′24



where D = (∂u/∂x)+ (∂v/∂y) represents the horizontal part of the wind divergen
e. Sin
e u∗ = v∗ = w∗ =

D∗ = 0, we use the original variables u, v, D without primes in the linear model formulation.If π and πs represent the lo
al values of hydrostati
 pressure in the system, the deviation for 
urrent level andground hydrostati
 pressure are given by:
π = π∗

(η) + π′

πs = π∗

s + π′

s

m = = m∗ +m′The variable π and its derivatives 
an be expressed in term of the ground values and A, B fun
tions:
π∗ = A(η) +B(η)π∗

s

π′ = Bπ′

s

m′ =
dB

dη
π′

sAdditionally we have:
P ′ = P (3.6)
q̂′ = q̂ (3.7)
dl′ = dl (3.8)
d′ = d (3.9)Important remark: It is important to note that sin
e dl = d + X and X is a non-linear term, then, in thelinear model, dl = d. Similarly, sin
e (q̂−P) = ln(1+P)−P is a non-linear term, we have in the linear model

q̂ = P . As a 
onsequen
e, the form of the linear system is independent of the 
hoi
e of the prognosti
 variables
d or dl on one hand, and q̂ or P on the other hand. The following derivations are arbitrarily presented usingthe set of variables (P , d), but are formally valid for another 
ombination of these nonhydrostati
 prognosti
variables.Sin
e p = π + πP , the exa
t derivatives of p are:

∇p = (1 + P)B∇πs + π∇P

∂p

∂η
= (1 + P)m+ π

∂P

∂η3.3.3 De�nition of the linearised systemSurfa
e pressure tenden
y :The linearisation of the the surfa
e pressure tenden
y equation (2.28) gives:
∂π′

s

∂t
+ ∇.

∫ 1

0

m∗Vdη = 0that is:
∂π′

s

∂t
+

∫ 1

0

m∗Ddη = 025



Verti
al divergen
e equation :In the equation of the verti
al divergen
e (2.55), the only sour
e term giving a linear 
ontribution is the �rstone, thus:
∂d

∂t
+ g2 ρ

∗

m∗

∂

∂η

(
1

m∗

∂π∗P

∂η

)
= 0Thermodynami
 equation :The thermodynami
 equation linearises to:

∂T ′

∂t
= −

RT ∗

Cv
(D + d)sin
e the linear form of D3 is:

D3 → (D + d )Omega equationThe linearised version of π̇ (also noted traditionnally ω) is:
ω′ = B

∂πs

∂t
+m∗η̇and the linearised version of the omega equation is:

ω′ = −

∫ η

0

m∗DdηPressure deviation equation :The linearisation of the P equation writes:
∂P

∂t
= −

Cp

Cv
(D + d) +

1

π∗

∫ η

0

m∗DdηState equation :As π∗(dφ∗/dη) = −RT ∗m∗, the state equation 
an be linearised to:
π∗
∂φ′

∂η
+ π′

dφ∗

dη
+ π∗P

dφ∗

dη
= −m′RT ∗ −m∗RT ′that is:

∂φ′

∂η
= m∗RT ∗

π′

π∗2
+m∗RT ∗

P

π∗
−m′

RT ∗

π∗
−
m∗

π∗
RT ′The verti
al integration gives the expression of the geopotential deviation:

∫ 1

η

∂φ′

∂η
dη = −RT ∗

[
π′

π∗

]1

η

−R

∫ 1

η

m∗

π∗
T ′dη +RT ∗

∫ 1

η

P

π∗
m∗dηwhi
h takes the �nal form:

φ′ = −RT ∗
π′

π∗
+RT ∗

π′

s

π∗

s

+R

∫ 1

η

m∗

π∗
T ′dη −RT ∗

∫ 1

η

P

π∗
m∗dη26



Divergen
e equation :The ve
tor linearised momentum equation writes:
∂V

∂t
+
RT ∗

π∗
(∇π′ + π∗∇P) + ∇φ′ = 0taking the divergen
e of this equation leads to:

∂D

∂t
= −

RT ∗

π∗
(∆π′ + π∗∆P) − ∆φ′and �nally, using the above geopotential expression:

∂D

∂t
= −R

∫ 1

η

m∗

π∗
∆T ′dη +RT ∗

∫ 1

η

m∗

π∗
∆Pdη −RT ∗∆P −

RT ∗

π∗

s

∆π′

s (3.10)3.3.4 NotationsSome notations are introdu
ed here for 
on
iseness. We de�ne here the basi
-state square of the a
ousti
phase speed, the 
hara
teristi
 height of the atmosphere, and the square of Brünt-Vaisalä frequen
y for thereferen
e-state:
c2
∗

= RT ∗
Cp

Cv

H∗ =
RT ∗

g

N2
∗

=
g2

CpT ∗One also de�nes a set of verti
al 
ontinuous linear operators by:
∂∗X =

π∗

m∗

∂X

∂η

G∗X =

∫ 1

η

m∗

π∗
Xdη

S∗X =
1

π∗

∫ η

0

m∗Xdη

N ∗X =
1

π∗

s

∫ 1

0

m∗Xdη

L∗X = ∂∗ (∂∗ + 1)XThe following properties are true for these operators:
∂∗.G∗.X = −X (3.11)
G∗.∂∗.X = X(η=1) −X (3.12)

(∂∗ + 1) .S∗.X = S∗. (∂∗ + 1) .X = X (3.13)The evolution equations for perturbation in the linear system then writes:27



∂D

∂t
= −RG∗∆T ′ + gH∗G

∗∆P −RT ∗∆P −
RT ∗

π∗

s

∆π′

s − ∆φ′s (3.14)
∂T ′

∂t
= −

RT ∗

Cv
(D + d ) (3.15)

∂π′

s

∂t
= −π∗

sN
∗D (3.16)

∂P

∂t
= S∗D −

Cp

Cv
(D + d ) (3.17)

∂d

∂t
= −

g2

RT∗
L∗P (3.18)3.3.5 Modi�
ation of the linearized verti
al momentum equationAs pointed in se
tion 1.1, the L linear system used for the linear separation of the impli
it treatment is arbitrary.The most 
ommonly used approa
h to determine L is to de�ne and seek it as the tangent-linear operatoraround a given (and still arbitrary) referen
e-state X ∗. However, this approa
h introdu
es a restri
tion inthe set of the operators whi
h 
an be obtained for the separation. It was shown in Bénard (2004) that thisunne
essary limitation 
ould restri
t the robustness that 
an be expe
ted from impli
it s
hemes based on thelinear-separation method.More spe
i�
ally, it was shown in this latter paper that the robustness of the impli
it treatments in Aladin-NH
an be substantially modi�ed if a spe
i�
 referen
e-temperature value T ∗

e is 
hosen in the terms involving theverti
al propagation of elasti
 waves, i.e. the RHS term of the linearized verti
al momentum equation (3.18).The robustness is in
reased if:
T ∗

e < T ∗ (3.19)In the following, we note:
T ∗

e = rT ∗ (r ≤ 1) (3.20)Important: The spe
i�
ation of a 
old T ∗

e is absolutely required for using Aladin-NH with 2-TL s
hemes,as shown in Bénard (2004).The linear system (3.14) � (3.18) for the impli
it problem then writes:
∂D

∂t
= −RG∗∆T ′ + gH∗G

∗∆P −RT ∗∆P −
RT ∗

π∗

s

∆π′

s (3.21)
∂T ′

∂t
= −

RT ∗

Cv
(D + d )

∂π′

s

∂t
= −π∗

sN
∗D

∂P

∂t
= S∗D −

Cp

Cv
(D + d )

∂d

∂t
= −

g

rH∗

L∗P (3.22)28



3.3.6 Linearization of the map fa
torAt this stage, it is important to point out how the transformations o

ur in ARPEGE/Aladin. Spe
tral
omputations use the horizontal derivatives on the map ∇′ and the wind images V′ = (u′, v′). In fa
t, onlythe divergen
e on the map D′ = ∇′.V′ and the vorti
ity on the map ζ′ = ∇′ × V′ are used in spe
tral
omputations. On the other hand, grid point 
omputations apply to the 
omponents of the physi
al wind
V = (u, v) and to the physi
al horizontal derivative ∇. As a 
onsequen
e, a spe
ial pro
ess takes pla
e duringthe integration time-loop, to swit
h alternatively from the (ζ′, D′) system to (u, v) one and vi
e versa.To summarise s
hemati
ally, let say that at the beginning of the time step, (ζ′, D′) are available in spe
tral
oe�
ients. During subroutine ELINV, (u′, v′) are 
omputed and stored, so that at the beginning of subroutineCPG, the two kinds of dynami
al variables are available: (ζ′, D′, u′, v′). In subroutine CPG, the variables are�rst transformed to geographi
al variables (ζ,D, u, v), the expli
it guess at t + ∆t and the expli
it part ofthe semi-impli
it 
orre
tion are 
omputed, but only for (u, v). At the end of subroutine CPG, these termsare transformed ba
k to redu
ed variables, so CPG is left with: (u′+E , δu′+

Lin
, v′+E , δv′+

Lin
) in grid point values. Insubroutine CPGLAG the wo terms for ea
h variable are summed giving the quantities to be passed in input forsolving the impli
it system: (ũ′+, ṽ′+). In subroutine ELDIR, these terms are 
omputed for the (ζ′, D′) systemand stored, so that subroutine ESPC begins with (ũ′+, ũ′+, ζ̃′+, D̃′+) available. In subroutine ESPC the impli
itsystem is solved for (ζ′, D′), providing these variables in spe
tral 
oe�
ients at time t+ ∆t.(For further details, see ARPEGE note n◦ 22).Sin
e spe
tral 
omputations are made with map variables and derivatives in the ARPEGE/Aladin grid 
oordi-nate system, the map fa
tor has to be taken into a

ount in the linear system. If the map fa
tor is denoted

m, the horizontal pseudo divergen
e, gradient and lapla
ian operators write:
D′ = D/m2 (3.23)
∇′ = ∇/m (3.24)
∆′ = ∆/m2 (3.25)Finally, this system is linearised with respe
t to m in order to get horizontally 
onstant 
oe�
ients for thevariables. The map fa
tor m is thus repla
ed by its maximum value m∗:

m∗ = max
(domain)

[m] (3.26)This simpli�
ation appears to be legitimate for limited area models in whi
h m remains 
lose to unity.In the global stret
hed ARPEGE model, where the map fa
tor rea
hes large values, this simpli�
ation 
annotbe applied. In this 
ase m is linearized into its a
tual value (i.e. m∗ = m) and the solution of the impli
itsystem results in the inversion of penta-diagonal matri
es in the spe
tral spa
e be
ause the map fa
tor is afun
tion of the two �rst total wave-numbers (see Yessad and Bénard, 1996). This strategy is 
ontrolled bythe namelist swit
h LSIDG in the ARPEGE 
ode. Similarly, in view of limited-area appli
ations with largedomains in Mer
ator geometry, a provision is made to possibly use a linearization of the map fa
tor around anon-
onstant value, 
lose from the a
tual map-fa
tor and fun
tion of the two �rst meridional wave-numbers.In this 
ase, the multipli
ation by the linearized map fa
tor be
omes a spatially-variable spatial operator whi
hdoes not 
ommute with the spatial operators ∇′ and ∆′. The following derivations take into a

ount thisnon-
ommutativity in view of a LSIDG-type strategy in Aladin, and therefore the linearized map-fa
tor m∗ isassumed as non-
ommutative with respe
t to ∇′ and ∆′. The mutual position of these operators is thereforefully relevant and important.The linear system (3.21) � (3.22) for the impli
it problem then writes:29



∂D′

∂t
= −RG∗∆′T ′ + gH∗G

∗∆′P −RT ∗∆′P −
RT ∗

π∗

s

∆′π′

s (3.27)
∂T ′

∂t
= −

RT ∗

Cv
(m2

∗
D′ + d ) (3.28)

∂π′

s

∂t
= −π∗

sN
∗m2

∗
D′ (3.29)

∂P

∂t
= S∗m2

∗
D′ −

Cp

Cv
(m2

∗
D′ + d ) (3.30)

∂d

∂t
= −

g

rH∗

L∗P (3.31)where d still represents indi�erently d or dl. This latter system is the �nal form of the linear system a
tuallyused in Aladin-NH.3.4 Stru
ture Equation3.4.1 Derivation of the Stru
ture EquationThe stru
ture equation is obtained by eliminating all variables but one in the previous linear system. Thetime-derivative of the d equation yields:
∂2d

∂t2
= −

g

rH∗

L∗

[
S∗m2

∗
D′ −

Cp

Cv
(m2

∗
D′ + d )

]

⇒
∂2d

∂t2
= −

g

rH∗

L∗S∗m2
∗
D′ +

c2
∗

rH2
∗

L∗
(
m2

∗
D′ + d

)whi
h 
an be written:
(
∂2

∂t2
− c2

∗

L∗

rH2
∗

)
d =

L∗

rH2
∗

(
−gH∗S

∗ + c2
∗

)
m2

∗
D′ (3.32)The time derivative of the divergen
e equation yields:

∂2D′

∂t2
= −RG∗∆′

∂T ′

∂t
+ gH∗G

∗∆′
∂P

∂t
−RT ∗∆′

∂P

∂t
−
RT ∗

π∗

s

∆′
∂π′

s

∂ti.e:
∂2D′

∂t2
= c2

∗
∆′(m2

∗
D′ + d ) − gH∗G

∗∆′d − gH∗A
∗

1∆
′m2

∗
D′with:

A∗

1 = (−G∗S∗ + G∗ + S∗ −N ∗)It 
an easily be 
he
ked that this A∗

1 operator is zero in this 
ontinuous approa
h. This 
onstraint will alsohave to be ful�lled for the dis
rete operators 
ase.The divergen
e equation then be
ome:
(
∂2

∂t2
− c2

∗
∆′m2

∗

)
D′ =

(
−gH∗G

∗ + c2
∗

)
∆′d (3.33)We note that:

(
∂2

∂t2
− c2

∗
m2

∗
∆′

)
.

[
L∗

rH2
∗

(
−gH∗S

∗ + c2
∗

)
m2

∗

]
D′=

[
L∗

rH2
∗

(
−gH∗S

∗ + c2
∗

)
m2

∗

]
.

(
∂2

∂t2
− c2

∗
∆′m2

∗

)
D′30



Substituting (3.32) in the LHS and (3.33) in the RHS of the latter equation yields:
(
∂2

∂t2
− c2

∗
m2

∗
∆′

)(
∂2

∂t2
− c2

∗

L∗

rH2
∗

)
d =

[
L∗

rH2
∗

(
−gH∗S

∗ + c2
∗

)
m2

∗

] (
−gH∗G

∗ + c2
∗

)
∆′d

=
L∗

rH2
∗

(
−gH∗S

∗ + c2
∗

) (
−gH∗G

∗ + c2
∗

)
m2

∗
∆′dThe previous algebrai
 manipulation did not require verti
al operators to mutually 
ommute. The same remarkapply for horizontal operators.The latter equation develops in:

∂4

∂t4
− c2

∗

∂2

∂t2

(
L∗

rH2
∗

+ m2
∗
∆′

)
d − g2L∗

(
S∗G∗ −

Cp

Cv
S∗ −

Cp

Cv
S∗

)
1

r
m2

∗
∆′d = 0An operator g2L∗.A∗

2 applying to (1/r)m2
∗
∆′d appears. It is easy to show that this operator simpli�es byvirtue of the above mentionned properties of the 
ontinuous operators (3.11), (3.13):

g2L∗.A∗

2.m
2
∗
∆′d = g2L∗

(
S∗G∗ −

Cp

Cv
S∗ −

Cp

Cv
G∗

)
m2

∗
∆′d = N2

∗
c2
∗
m2

∗
∆′dHere also, this property of 
ontinuous operators will have to be taken into a

ount when designing the dis
reteoperators. We �nally obtain the stru
ture equation of the system:

[
−

1

c2
∗

∂4

∂t4
+
∂2

∂t2

(
m2

∗
∆′ +

L∗

rH2
∗

)
+
N2

∗

r
m2

∗
∆′

]
d = 0 (3.34)This equation des
ribes the stru
ture (in the 4D spa
e) of the perturbations allowed by the linear system. Inparti
ular, this stru
ture equation determines the geometri
al stru
ture and propagative properties of linearwaves, that is, those perturbations for whi
h the evolution is periodi
 in time.3.4.2 CommentsFirst, it is important to note that the obtained stru
ture equation is formally identi
al to the one obtained forthe same isothermal atmosphere for the fully 
ompressible z system (
f: E
kart, 1960), simply repla
ing ∂∗by: −H(∂/∂z) and r by 1. It is also identi
al to the one obtained for the fully 
ompressible π system in thesame 
onditions (
f: Laprise, 1992), simply repla
ing ∂∗ by: π(∂/∂π) and also r by 1. This simply re�e
ts thefa
t that for a given atmosphere, the way waves propagate physi
ally is independent of the 
hosen 
oordinate.As a 
onsequen
e, the three systems behave exa
tly the same way for the waves they allow, and for theirpropagation 
hara
teristi
s. For example, all of them 
ontain the possible propagation of the three rapidwaves whi
h are present in the real atmosphere: gravity waves, a
ousti
 waves and Lamb waves.Another important property of this equation is to be essentially a lo
al one, only involving lo
al derivativeoperators. Unlike in the hydrostati
 system, (
f: ARPEGE do
umentation e.g.) no integral operator is to be
onsidered for knowing the lo
al propagation of waves.Last, it should be noted that the 
oe�
ients of the operators are 
onstant in time and along η surfa
es. The
onsequen
e is that for a spe
tral model, the solution of the stru
ture equation reverts to the inversion of a setof one 
onstant 
oe�
ient Helmholtz equation per level. The solution of this type of equation doesn't presentany parti
ular problem, and is analogous to the horizontal Lapla
ian operator inversion in the hydrostati
 
ase.When r ≤ 1 the propagation of the waves is modi�ed. It 
an be shown that the geometri
al stru
ture of thewaves is the same as for r = 1, and only the frequen
y of the waves is modi�ed.31



The stu
ture equation is valid for horizontally varying map-fa
tors m∗ as well as for uniform ones.Note: We remark here that eliminating in favour of D instead of d would have needed the following rule:
∂∗.G∗.L∗ = ∂∗.L∗.G∗and would have led to the following stru
ture equation:

∂∗.

[
−

1

c2
∗

∂4

∂t4
+
∂2

∂t2

(
m2

∗
∆′ +

L∗

rH2
∗

)
+
N2

∗

r
m2

∗
∆′

]
D = 0 (3.35)These di�eren
es are of 
ourse of no importan
e in the 
ontinuous framework 
onsidered here, but it willbe
ome important in the dis
retised 
ontext.
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Chapter 4Verti
al Dis
retisation(18/09/2003)In this 
hapter, the verti
al dis
retisation of Aladin-NH is des
ribed. The horizontal dis
retisation is a spe
tralone, hen
e there are no spe
i�
ity about this horizontal dis
retisation for the EE version 
ompared to thehydrostati
 version. The verti
al dis
retisation of Aladin-NH is a �nite-di�eren
e dis
retisation (a �nite-element verti
al dis
retisation exists for the ARPEGE model, but has not yet been adapted to Aladin).Building a spa
e-dis
retisation for a model 
ould be viewed as an easy task, in whi
h many arbitrary dis
reti-sation 
hoi
es 
ould be made without justi�
ation. However, this simplisti
 view is erroneous. Doing this waywould most 
ertainly lead to an unstable model, whi
h additionnally would not respe
t basi
 physi
al rulesvalid for the 
ontinuous equations (
onservation of invariants, lo
al elimination of operators,...).Hen
e the most rational way to perform the dis
retisation for a model is to take the problem in the reversedire
tion, i.e. to determine the dis
retisation in su
h a way that the as many as possible of the interestingproperties of the 
ontinuous equations should be re�e
ted by similar properties in the dis
retised model. The
ontinuous properties are thus used as 
onstraints for the design of the verti
al dis
retisation.However, it should be outlined that using this strategy for determining the dis
retisation 
hoi
es results in a
ompli
ated problem with many simultaneous unknowns. However, among all the properties of the 
ontinousequations, some represent 
onstraints whi
h are mu
h more important than others for the dis
retised model.Hen
e the problem of the determination of the dis
retisation 
an be simpli�ed by trying to ful�l in priority themost important 
onstraints. A hierar
hy 
an be established as follows:- Constraints whi
h are simply mandatory for being able to write the dis
retised equations. An exampleof this 
an be found in the 
onstraint (C1) used for the derivation of the dis
retized wave-stru
tureHelmholtz equation (
f: se
tion 4.2).- Constaints whi
h are ne
essary for guarding the dis
retised model against instability. An example ofthis 
an be found in the non-hydrostati
 part of the angular-momentum 
onservation 
onstraint (
f:se
tion 4.11.1).- Constraints whi
h are ne
essary for insuring a 
onservation of a dis
retised 
ounterpart of the 
ontinuousinvariants of the original equations system. Examples of this 
an be found in the hydrostati
 part ofthe angular-momentum 
onservation 
onstraint (
f: se
tion 4.11.1), and in the energy 
onservation
onstraint (
f: se
tion 4.10).Some people in NWP groups argue that for a short-range limited-area model, the 
onstraints linked to the last
ategory 
an be ignored for simpli
ity, if desired. Nevertheless, the Aladin-NH dis
retisation has been built in33



su
h a way that these 
onstraints are ful�lled. It will be seen in se
tion 4.11.1 that the only ex
eption is forthe 
onservation of the angular-momentum for the non-hydrostati
 deviation of the pressure for
e, be
auseformally ful�lling this 
onstraint would have made the model unstable, and thus would have violated a moreimportant 
onstraint.The Aladin-NH dis
retisation s
heme is thus energy 
onservaing and "hydrostati
" angular-momentum 
on-serving.4.1 De�nitionsThe verti
al domain is dis
retised in L layers indexed from 1 at the top to L at the bottom. The generi
index for these layers is noted l. Ea
h layer is separated from his neighbours by interfa
es, the generi
 indexof whi
h is l̃. The interfa
es are indexed from 0̃ at the top boundary to L̃ at the bottom boundary, as shownon the �gure 4.1. The grid is verti
ally staggered su
h as all 3D prognosti
 variables are de�ned in the layers(dashed lines, levels of type l), and the verti
al �uxes at the interfa
es (solid lines, levels of type l̃). Theverti
al velo
ity is also de�ned at interfa
es, so that the verti
al derivatives d and dl whi
h are the a
tualprognosti
 variables of the model, are de�ned in the layers. A variable X de�ned in the layer l is noted Xl,and at the interfa
e Xl̃.The fa
t that the verti
al 
oordinate η is impli
it results in a dire
t de�nition of the hydrostati
 pressure
π at the interfa
es:

πl̃ = Al̃ +Bl̃.πL̃whi
h is the dis
rete form of the 
oordinate de�nition. The hydrostati
-pressure depth of a layer l is:
δπl = πl̃ − πl̃−14.2 Dis
retisation of the Linear ModelThe linear model must be dis
retised �rst be
ause the determination of its dis
retised stru
ture (Helmholtz)equation is a 
onstraint of the strongest 
lass in the above hierar
hy. In the linear model used for the semi-impli
it s
heme, the interfa
es and thi
knesses are taken to their basi
-state value:

π∗

l̃
= Al̃ +Bl̃.π

∗

L̃

δπ∗

l = π∗

l̃
− π∗

l̃−1The dis
retisation of the linear model is obtained by taking the dis
rete 
ounterpart of the spa
e-
ontinuouslinear system (3.14)-(3.18). For this we de�ne the dis
rete operators 
orresponding to the 
ontinuous integraloperators introdu
ed in se
tion 3.3.4:
(G∗.X)l =

[
L∑

k=l+1

δ∗kXk + α∗

lXl

]

(S∗.X)l =

[
1

π∗

l

l−1∑

k=1

δπ∗

kXk + β∗

l Xl

]

(N∗.X)l =
1

π∗

L̃

L∑

k=1

δπ∗

kXk34
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Figure 4.1: verti
al staggering of Aladin-NH
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where π∗

k is a dis
rete form of the basi
-state hydrostati
-pressure in the layer k, and δ∗k a dis
rete form for
d(log π∗) in the layer k. T the quantities α∗

l and β∗

l are two dimensionless shifts for 
ompleting the dis
reteintegrals from the 
losest interfa
e level to the layer l level. The pre
ise form of the four latter quantities
π∗

l , δ
∗

l , α
∗

l , β
∗

l is, left undetermined for the moment, and will be 
hosen 
onveniently, to insure elimination,stability and 
onservation properties. The dis
rete 
ounterpart of L∗ is noted L∗, and here also no spe
ialform is retained for it for time being.The starting point is the linear system (3.14) � (3.18). The dis
retised system has the same shape in dis
reteform, provided that ea
h 
ontinuous verti
al operator (i.e: L∗, G∗,...) is repla
ed by its dis
rete equivalent (i.e:
L∗, G∗,...). Then it 
an be seen that the algebrai
 elimination is formally identi
al in dis
rete and 
ontinuous
ase, and a similar operator A∗

1
appears in the dis
rete equivalent of the divergen
e equation (3.32). Thisoperator writes:

A∗

1
= −G∗S∗ + G∗ + S∗ − N∗we thus de�ne a �rst 
onstaint (C1) for the dis
rete operators by imposing that, as in the 
ontinuous 
ase:

(C1) : A∗

1
= 0 (4.1)The elimination then 
an be pursued identi
ally to the 
ontinuous one, until the derivation of the �nal stru
tureequation. It should be noted that with the elimination order 
hosen here (in favour od d and not D), no
ommutativity property has been used to derive the stru
ture equation. The derivation thus leads to another
onstraint (C2) 
on
erning the operator applying to (1/r)m2

∗
∆′d:

(C2) : g2L∗.A∗

2
= g2L∗

(
S∗G∗ −

Cp

Cv
S∗ −

Cp

Cv
G∗

)
= N2

∗
c2
∗

(4.2)Finally, to respe
t the lo
al 
hara
ter of the Euler equations system and of its stru
ture equation in thedis
retised 
ontext, the se
ond-order verti
al derivative operator L∗ is required to be as 
ompa
t as possible(i.e. tridiagonal) for a verti
al 
olumn. Hen
e:
(C3) : L∗ is a tridiagonal operator (4.3)The problem is now to de�ne the unknowns α∗

l , β∗

l , π∗

l , δ∗l and L∗ in su
h a way that these three 
onstraintsare full�lled.4.3 Determination of Dis
rete Verti
al Operators in the LinearModel4.3.1 First 
onstraintIn order to examine the �rst 
onstaint, we write the matrix of the A∗

1
operator. We respe
tively note sup(i,j),

inf(i,j) and diag(i,i), the generi
 superior, inferior, and diagonal term of the matrix for the row i and the
olumn j. The operator A∗

1 then writes:
sup(i,j) = δ∗j (1 − β∗

j ) − δπ∗

j


 1

π∗

L̃

+
L∑

k=j+1

δ∗k
π∗

k




diag(i,i) = α∗

i + β∗

i − α∗

i β
∗

i − δπ∗

i

(
1

π∗

L̃

+

L∑

k=i+1

δ∗k
π∗

k

)36



inf(i,j) =
δπ∗

j

π∗

i

(1 − α∗

i ) − δπ∗

j

(
1

π∗

L̃

+

L∑

k=i+1

δ∗k
π∗

k

)where unde�ned symbols are zero. The solution of this system leads to a �rst set of 
onstaint between thefour unknowns:
α∗

l = 1 −
π∗

l

π∗

l̃

β∗

l = 1 −
π∗

l̃−1

π∗

l

δ∗l
π∗

l

=
1

π∗

l̃−1

−
1

π∗

l̃4.3.2 Se
ond 
onstraintThe se
ond 
onstraint 
onsists in identifying g2L∗.A∗

2
to a N2c2 homothe
y. The weight of the three levelsinvolved by a given layer l in the tridiagonal L∗ operator will be noted A∗

l , B∗

l and C∗

l ; thus we have:
(L∗.X)l = A∗

l .Xl−1 + B∗

l .Xl + C∗

l .Xl+1We pro
eed as for the �rst 
onstraint, writing the matrix form of A∗

2.
sup(i,j) = −

R

Cv
δ∗j

diag(i,i) = −
R

Cv
(α∗

i + β∗

i )

diag(1,1) = −
R

Cv
(α∗

1 + β∗

1) + 1

inf(i,j) = −
R

Cv

δπ∗

j

π∗

iIt 
an be shown that provided the �rst 
onstraint is full�lled, the matrix L∗.A∗

2

annot be identi�ed toan homothe
y, sin
e it would require α∗

l + β∗

l = δ∗l , i.e. π∗

l = π∗

l̃
, whi
h means no more 
orre
tive shiftfor evaluating the integral operators in the layers. This solution should not be retained sin
e it a
ts as anon-
entered verti
al s
heme.One 
an further show that requiring this se
ond matrix to be purely diagonal is even in
ompatible with any
onvenient non trivial 
hoi
e of the four unknowns, independently of whatever or not the �rst 
onstraint isfull�lled.On the other hand, our main goal is to be able to derive a dis
retised stru
ture equation whi
h reamins lo
al,hen
e it is su�
ient for our purpose that the operator T∗ = (g2/N2

∗
c2
∗
)L∗.A∗

2 should be a tridiagonal operator(instead of purely diagonal), provided that this operator behaves physi
ally as a lo
al verti
al average operatorapplying to d values.The �nal form of the se
ond 
onstraint then be
omes:
(C2′) : g2L∗.A∗

2
= g2L∗

(
S∗G∗ −

Cp

Cv
S∗ −

Cp

Cv
G∗

)
= N2

∗
c2
∗
T∗ (4.4)The resolution of the 
onstraint is written by imposing the weight of this lo
al averaging to be equal to 1. Thephysi
al way to impose this is to 
onsider the verti
al shift in verti
al velo
ity indu
ed by an individual dl value37



and by its �averaged" 
ounterpart (T.d )l. This shift must be equal in the two 
ases, in order to 
onserve theadve
tive properties of the verti
al velo
ity �eld. Writing equality between these two shifts leads to:
δw′

l = −H∗

m∗

π∗
dl = −H∗

m∗

π∗
(T∗d)lwhi
h expresses the physi
al normalisation 
onstraint applying on the averaging operator T∗.After some algebrai
 manipulation, one shows that all the above 
onstraints are full�lled for the followingsolution:

α∗

l = β∗

l = 1 −

√
π∗

l̃−1

π∗

l̃

π∗

l =
√
π∗

l̃−1
.π∗

l̃
=
δπ∗

l

δ∗l

δ∗l =
δπ∗

l

π∗

l

A∗

l =
π∗

l−1

δ∗l
(
π∗

l − π∗

l−1

)

B∗

l = −
1

δ∗l

(
π∗

l

π∗

l − π∗

l−1

+
π∗

l

π∗

l+1 − π∗

l

)

C∗

l =
π∗

l+1

δ∗l
(
π∗

l+1 − π∗

l

)The determination of the values at the top yields:
α∗

1 = β∗

1 = 1

δ∗1 = α∗

1 + β∗

1 +
Cv

R
= 2 +

Cv

R
= 1 +

Cp

R

π∗

1 =
δπ∗

1

δ∗1
A∗

1 = 0

C∗

1 =
π∗

2

δ∗1 (π∗

2 − π∗

1)

B∗

1 = −C∗

1The bottom of the domain is not really a parti
ular 
ase provided that C∗

L = 0 is taken. Then:
A∗

L =
π∗

L−1

δ∗L
(
π∗

L − π∗

L−1

)

B∗

L = −
π∗

L

δ∗L
(
π∗

L − π∗

L−1

)For l ∈ [1, L− 1], the general expression for L∗ 
an be rewritten, after simpli�
ation:
L∗.Xl = A∗

l (Xl−1 −Xl) + C∗

l (Xl+1 −Xl) (4.5)The tridiagonal T∗ matrix elements write, for the row i:
(diag) T∗

(i,i) = 1 −
1

δ∗i

(
π∗

i

π∗

i+1 − π∗

i

+
π∗

i

π∗

i − π∗

i−1

)
(δ∗i − 2α∗

i )

(diagattop) T∗

(1,1) = 1 38



(inf) T∗

(i,i−1) =
1

δ∗i

π∗

i−1

π∗

i − π∗

i−1

(
δ∗i−1 − 2α∗

i−1

)

(sup) T∗

(i,i+1) =
1

δ∗i

π∗

i+1

π∗

i+1 − π∗

i

(
δ∗i+1 − 2α∗

i+1

)whi
h 
an �nally be written:
T∗ = (I + L∗.Q∗) (4.6)where I is the identity matrix and Q∗ is the diagonal matrix the row i diagonal element of whi
h is given by

Q∗

(i,i) = (δ∗i − 2α∗

i ) for i ∈ [2, L], and Q∗

(1,1) = 0.4.3.3 Stru
ture equationThe stru
ture equation is then for the verti
ally dis
retized 
ase:
[
−

1

c2
∗

∂4

∂t4
+
∂2

∂t2

(
m2

∗
∆′ +

L∗

rH2
∗

)
+
N2

∗

r
T∗m2

∗
∆′

]
d = 0 (4.7)We now 
learly see the �lo
al" nature of the stru
ture equation whi
h is 
hara
teristi
 of the relaxationof hydrostati
 and anelasti
 �global" e�e
ts. In the spe
tral spa
e, the solution of this equation resultsin a tridiagonal inversion with a 
onstant 
oe�
ients matrix, given the time step and the horizontal totalwavenumber. This means that, like in the hydrostati
 
ase, the inverse of the semi-impli
it operator 
an bepre-
omputed for ea
h total wavenumber, and stored at the beginning of the model integration.The major formal di�eren
e between the spa
e-
ontinuous (3.34) and spa
e-dis
retized (4.7) stru
ture equa-tions is the appearan
e of the T∗ operator. The impa
t of this di�eren
e is examined in Chapter 10. It isshown that :[-℄ the se
ond-order a

ura
y of the s
heme is maintained.no amplitude error is introdu
ed (the s
heme is not made spuriously unstable or damping).-- the only noti
eable e�e
t is a further de
rease of the shortest gravity modes phase velo
ity (whi
h isalready de
reased by the SI s
heme).Finally, the overall impa
t of the matrix T∗ is found to be rather small, and the relevan
e of the verti
aldis
retisation 
an be 
he
ked by evaluating the fore
ast on a
ademi
 
ases, for whi
h the exa
t response isknown. The �nite-di�eren
e verti
al-dis
retisation des
ribed above is thought to be of 
omparable a

ura
yas for similar state-of-the-art models.4.4 Dis
retisation of the Non-Linear ModelThe 
onsisten
y of the dis
retisations of the linear and non-linear models is required to maintain the stability.Hen
e, the dis
retisation of the 
omplete non-linear model follows the rules edi
ted for the linear model. Inparti
ular, ea
h dis
retisation parameter in the linear model has its own 
ounterpart in the 
omplete model.4.4.1 Verti
al levelsThe dis
rete verti
al level 
hara
teristi
s are taken under the same form as in the linear model:39



πl =
√
πl̃−1.πl̃ =

δπl

δl

δl =
δπl

πlwith the spe
ial boundary 
ondition at top:
δ1 = α1 + β1 +

Cv

R
= 2 +

Cv

R
= 1 +

Cp

R

π1 =
δπ1

δ1Similarly, the de�nition of the dis
retization parameters αl and βl is taken from the linear form:
αl = βl = 1 −

√
πl̃−1

πl̃with the spe
ial boundary 
ondition at top:
α1 = β1 = 14.4.2 Verti
al operatorsFor the verti
al integral operators, the same prin
iple is adopted than in the linear model to perform summationfrom a boundary to the level of the layer l, by addition of a 
orre
tive term αl:

(∫ 1

η

m

π
Xdη

)

l

=

L∑

k=l+1

Xkδk + αlXl (4.8)
(

1

π

)(∫ η

0

mXdη

)

l

=
1

π

l−1∑

k=0

Xkδπk + αlXl (4.9)
(∫ 1

0

mXdη

)

l

=

L∑

k=1

Xkδπk (4.10)The se
ond-order derivative operator involved in Eq. (2.55) is the non-linear analogue of L∗ and applies to P :
[LP ]l =

[
π
∂

∂π

(
∂πP

∂π

)]

l

= AlPl−1 + BlPl + ClPl+1 (4.11)Here also, the de�nition for the 
oe�
ients of L is 
hosen to re�e
t the ones of the linear model:
Al =

πl−1

δl (πl − πl−1)

Bl = −
1

δl

(
πl

πl − πl−1
+

πl

πl+1 − πl

)

Cl =
πl+1

δl (πl+1 − πl)40



This 
hoi
e �nally 
orresponds to the following expression:
[LP ]l =

[
π
∂

∂π

(
∂πP

∂π

)]

l

=
1

δl

[(
∂πP

∂π

)

l̃

−

(
∂πP

∂π

)

l̃−1

] (4.12)
(
∂πP

∂π

)

l̃

=
πl+1Pl+1 − πlPl

πl+1 − πl
(4.13)As in (4.5), the general expression for L 
an be simpli�ed to involve only A and C, for l ∈ [1, L− 1]:

L.Pl = Al(Pl−1 − Pl) + Cl(Pl+1 − Pl) (4.14)The top and bottom 
onditions for the operator L are dire
tly drawn from the physi
al 
onditions appliedat the top and bottom boaders of the domain: elasti
 at top, and rigid at the bottom. These points aredevelopped in the two next se
tions.4.5 Elasti
 Upper Boundary Condition for the non-linear modelIn the 
urrent version of the model, the elasti
 top boundary 
ondition is expressed through:
pT = 0 (4.15)whi
h rewrites (still in the 
urrent version of the model):

(πP)T = 0 (4.16)This 
hoi
e imposes the shape of the Lapla
ian operator applied to P at the top of the domain in the verti
almomentum equation. Following (4.12)-(4.13), the L.P term is expressed at top as:
[LP ]1 =

1

δ1

[(
∂πP

∂π

)

1̃

−

(
∂πP

∂π

)

T

] (4.17)where :
(
∂πP

∂π

)

T

=
π1P1 − (πP)T

π1 − πT
= P1 (4.18)In the general formalism of (4.11), this therefore leads to the following values of A, B, and C, at top:

A1 = 0

C1 =
π2

δ1 (π2 − π1)

B1 = −C1It 
an be noted that the appli
ation of an elasti
 
ondition at top leads to an expression for L whi
h isthe dire
t 
ounterpart of the expression obtained for L∗ at top, in the above se
tion 4.3.2. This feature isimportant for the stability of the model when employed with a Semi-Impli
it s
heme.41



4.6 Free-slip boundary 
onditions for the horizontal windFor the horizontal 
omponents of the wind, a free-slip boundary 
ondition is assumed at the outest top andbottom half-layers of the domain:
VT = V

0̃
= V1 (4.19)

Vs = V
L̃

= VL (4.20)(4.21)These 
onditions are required in order to express various terms involved in the next se
tions 4.7�4.9.4.7 Rigid Bottom Boundary Condition for the non-linear modelThe rigid bottom boundary 
ondition is also introdu
ed in the model through a 
ondition on the Lapla
ianoperator involved in the verti
al momentum equation. The involved terms are the se
ond LHS terms in (2.55)and (2.67). It is thus seen that the problem is to spe
ify the verti
al Lapla
ian L applied to P at the bottomof the domain. It 
an be shown (see Chapter ???) that the spe
i�
ation of the bottom value of L(P) mustbe expressed 
onsistently with the transport s
heme of the model (Eulerian or semi-Lagrangian), otherwisespurious 
ir
ulations o

ur in the stationnary response to orographi
ally for
ed �ows (known as "
himneye�e
t"). Hen
e for the Eulerian version of Aladin-NH, the rigid bottom BC must be expressed in an Eulerianway, and in the SL version, the rigid bottom BC must be expressed in a Lagrangian way.4.7.1 "Eulerian" Rigid Bottom BCFor the level l = L we have:
[L(P)]L =

1

δL

[
−

(
∂πP

∂π

)

L̃−1

+

(
∂πP

∂π

)

s

]We now must �nd an expression for the last term. First, it should be noted from Eq.(2.21) that:
ẇ = W + g

∂ (p− π)

∂πthus:
g
∂

∂π
(πP)s = ẇs −WsA par
el lo
ated at ground will inde�nitely stay at ground due to the material 
ondition η̇(1) = 0. Therefore,for su
h a par
el the verti
al a

eleration ẇs is only governed by the �ow Vs along the rigid surfa
e φs:

gws = Vs.∇φs ⇒ gẇs =
∂Vs

∂t
.∇φs + Vs.∇ (Vs.∇φs)or:

gẇs = V̇s.∇φs +

(
u2

s

∂2φs

∂x2
+ 2usvs

∂2φs

∂x∂y
+ v2

s

∂2φs

∂y2

)We note Js the last bra
keted Ja
obian surfa
e term. The �nal expression for [L(P)]L is then:
[L(P)]L =

1

δL

[
−

(
πLPL − πL−1PL−1

πL − πL−1

)
+

1

g2

(
V̇s.∇φs + Js

)
+

1

g
Ws

] (4.22)In pra
ti
e, for the Eulerian version of the model, it is assumed that the boundary 
ondition spe
i�
ation isinternal to the dynami
al kernel, and thus W is not 
onsidered. Consistently, V̇s is assumed to only 
ontainCoriolis, pressure-gradient and 
urvature terms (but no physi
al 
ontribution).42



4.7.2 Lagrangian Rigid Bottom Boundary ConditionIn 
ase of a semi-Lagrangian transport s
heme, the verti
al a

eleration at the surfa
e 
an be expressed in aLagrangian fashion, and we have dire
tly:
[L(P)]L =

1

δL

[
−

(
πLPL − πL−1PL−1

πL − πL−1

)
+

1

g
(ẇs −Ws)

] (4.23)In the time dis
retized 
ontext, the details of the 
omputations are developped in se
tion 5.9.4.8 Expression of w related termsWe give here the dis
retised expressions for gw and g∇w. The term g∇w is needed for d evolution in Eq.(2.55) while gw is not used for evolution but its expression is given only for the needs of the post-pro
essing.From Eq. (2.32), the 
ontinuous expression for gw and g∇w are:
gw = gws +

∫ 1

η

mRT

π(1 + P)
d.dη

g∇w = g∇ws +

∫ 1

η

mRT

π(1 + P)
∇d.dηwith gws = Vs.∇φs and g∇ws = ∇(Vs.∇φs). Finally, using the free-slip 
ondition for V:

gwl̃ = VL.∇φs +

L∑

k=l+1

RTk

(1 + Pk)
δdk

g∇wl̃ = ∇ (VL.∇φs) +

L∑

k=l+1

RTk

(1 + Pk)
δ(∇d)k (4.24)When dl is used as a prognosti
 variable, dk had to be repla
ed by (dlk − Xk) in the latter expressions.4.9 Expression of non-adve
tive ∂V

∂η termsExamination of the original system shows that two non-adve
tive terms involving (∂V/∂η) appear, namely in(2.55) and (2.62). This kind of term is problemati
 sin
e δV is naturally available only at levels l̃.The evolution term [(gp/mRT )(∂V/∂η).∇w] in Eq.(2.55) 
an be rewritten as [(δV.g(1 + P)∇w)l / (RTδl)].It 
an then be obtained by linearly interpolating the horizontal wind between verti
al levels in the layers:
Vl̃ = ǫlVl + (1 − ǫl)Vl+1 (4.25)with ǫl being the weights for linear interpolator:
ǫl =

δl+1 − αl+1

δl+1 − αl+1 + αl
(4.26)The �nal form of the evolution term is:

g
(1 + P)l

RTlδl
(δV.∇w)l =

g

RTlδl

[(
Vl̃ − Vl

)
∇wl̃ +

(
Vl − Vl̃−1

)
∇wl̃−1

]For the determination of this expression at the outest levels, the above free-slip 
onditions on V are used.The same approa
h is applied for the term involving [(∂V/∂η).∇φ] in (2.62).43



4.10 Conservation of Energy by the Verti
al S
hemeThe 
onserved total energy for the 
ontinuous equations is given by (2.50). Following Simmons and Burridge(1981), the preservation by the �nite-di�eren
e s
heme of energy 
onservation is a
hieved if, for any variable
F , the verti
al integral of the adve
tion term veri�es the per partes following property, given the fa
t that
η̇ = 0 at the upper and lower boundaries of the domain:

∫ 1

0

mη̇
∂F

∂η
dη = −

∫ 1

0

F
∂

∂η
(mη̇)dη

∫ 1

0

mη̇F
∂F

∂η
dη = −

∫ 1

0

F 2

2

∂

∂η
(mη̇)dηThe dis
rete 
ounterpart of this property is true if the verti
al adve
tion term is 
hosen as:

(
η̇
∂F

∂η

)

l

=
1

2δπl

[
(m.η̇)l̃ (Fl+1 − Fl) + (m.η̇)l̃−1 (Fl − Fl−1)

]The 
onservation of the total energy by the verti
al adve
tive s
heme thus leads to an imposed form for theverti
al adve
tion terms. All this dis
ussion appears to be independant of wether the system is hydrostati
 ornon-hydrostati
, hen
e all these results apply identi
ally to the Euler equations system.Finally, the form of adve
tive terms does not need to be 
hanged with respe
t to the form in the hydrostati
primitive equation model.4.11 Conservation of Angular Momentum by the Verti
al S
hemeThe 
onservation of the total angular momentum is the 
onsequen
e of a stronger property (2.52). Thisproperty will be used as a 
onstraint to determine the dis
retised form of the hydrostati
 part of the horizontalpressure-gradient for
e.4.11.1 Constraint for the pressure gradientWe introdu
e here a de�nition for the dis
retised version of (∂p/∂η) at level l:
(
∂p

∂η

)

l

=
(δp)l

δηlThe �nite-di�eren
e version of the 
onstraint (2.52) writes:
L∑

l=1

(
RT

∇p

p

)

l

δπl =

L∑

l=1

(φl − φs)∇(δp)l

=
L∑

l=1

(
αl

RlTl

1 + Pl
+

L∑

k=l+1

RkTkδk
1 + Pk

)
∇(δp)l

=

L∑

l=1

αl
RlTl

1 + Pl
∇ (δp)l +

L∑

k=1

(
RkTk

1 + Pk
δk

k−1∑

l=1

∇(δp)l

)This leads to the dis
rete form of the non-hydrostati
 pressure gradient imposed by the 
onservation of angularmomentum:
(
RT

∇p

p

)

l

=
RlTl

1 + Pl

1

δπl

(
αl∇ (δp)l + δl

l−1∑

k=1

∇(δp)k

) (4.27)44



The 
ontinuous 
onstraint thus imposes the form of (δp)l: In the fully 
ompressible system des
ribed here,the horizontal pressure gradient must not depend on the state of the atmosphere at others levels. Hen
e (δp)lmust have the form of a di�eren
e in order to insure 
an
ellations trough verti
al summations in the righthand side term. Consequently, we 
an spe
ify the following form for (δp)l:
(δp)l = pl̃ − pl̃−1Any dis
retisation of (∂p/∂η) whi
h respe
ts this form will insure the 
onservation of angular momentumand lo
ality of the non-hydrostati
 pressure gradient. The last stage is thus to 
hoose a dis
rete form for pl̃.Starting from p = π + πP , and a

ording to the fa
t that the prognosti
 variable is P , the most �natural"form for dis
retising pl̃ would be to express P at interfa
es ( whi
h is noted P̄) as an average, de�ning:

P̄l̃ =

(
Pl+1 + Pl

2

)However, this would 
reate a mismat
h between the ∇P operator in the linear system and the ∇P operator inthe 
omplete system. This mismat
h has been shown to result in a very unstable behaviour, and hen
e 
annotbe a

epted. We are fa
ing here an example where the ful�lment of a relatively minor 
onstraint violates amajor one.As a 
onsequen
e, it has been de
ided to relax the 
onstraint of dis
rete angular-momentum 
onservation forthe non-hydrostati
 part of the pressure for
e, and to insure this 
onservation only for the hydrostati
 part.Hen
e we separate the hydrostati
 and non-hydrostati
 parts of (RT∇p/p):
RT

∇p

p
= RT

∇π

π
+

RT

1 + P

∇P

PThe last RHS term is not subje
ted to the angular momentum 
onstraint and is dis
retized in the natural way.The �rst RHS term is dis
retised by ful�lling the angular momentum 
onstraint. hen
e the dis
retisation ofthe total pressure term is:
(
RT

∇p

p

)

l

= RlTl
1

δπl

(
αl∇ (δπ)l + δl

l−1∑

k=1

∇(δπ)k

)
+

RlTl

1 + Pl
∇Pl (4.28)and 
onsequently, exploiting δπl = πl̃ − πl̃−1:

(
RT

p
∇p

)

l

= RlTl
1

δπl

(
αl∇ (δπl) + δl∇πl̃−1

)
+

RlTl

1 + Pl
∇Pl (4.29)Using the 
oordinate de�nition, the hydrostati
 part 
an be simpli�ed into:

RlTl
1

δπl

(
αl∇δπl + δl∇πl̃−1

)
= RlTl

1

δπl

(
δl
δπl

Cl + δBl

)
∇πswith:

Cl = Al̃Bl̃−1 −Al̃−1Bl̃This form is equivalent to the form found for (RT∇π/π) in the hydrostati
 
ase (see Simmons and Burridge,1981). 45



4.11.2 Expression of the ∇φ termThe dis
retised diagnosti
 relation for the geopotential is:
φl = φs +

L∑

k=l+1

(
RkTk

1 + Pk
δk

)
+ αl

RlTl

1 + PlThe gradient then writes:
(∇φ)l = ∇φs +

L∑

k=l+1

[
RkTk

1 + Pk
∇δk +

∇(RT )k

1 + Pk
δk −

δk
(1 + Pk)

(
RT

1 + P
∇P

)

k

]

+
αl

1 + Pl
∇(RT )l +

RlTl

1 + Pl
∇αl −

αl

(1 + Pl)

(
RT

1 + P
∇P

)

lThe horizontal gradients of α and δ, 
an also be expressed in term of hydrostati
 surfa
e pressure horizontalgradient after some algebra:
∇αl = −

1

2
.
(1 − αl)Cl

πl̃πl̃−1

∇πs

∇δl = −
1

2
.
Cl

πl̃πl̃−1

(1 − αl)
2 + 1

(1 − αl)
∇πs
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Chapter 5Time Dis
retisation(19/11/2003)5.1 Introdu
tionThe dis
retisation in time of meteorologi
al models is a vast subje
t, and many types of time-s
hemes havebeen designed among meteorologi
al servi
es. In Aladin-NH, several time-s
hemes based on similar ideasare implemented, although only one is to be used operationally. This 
hapter des
ribes the most importanttime-dis
retisation aspe
ts from the point of view of the NH version and of the future operational use. Itis important to note that ex
ept the solution of the linear impli
it problem (se
tion 5.10 ), and the spe
ialtime-dis
retisation of the so-
alled "X-term" (se
tion 5.8 ), the details of the time-dis
retisation are notspe
i�
 to the NH version: they are designed in exa
tly the same way as for the HPE version. A moreextensive do
umentation on less important variants of the possible time-dis
retisations of Aladin/ARPEGE
an be found in the o�
ial do
umentation of ARPEGE.Time s
hemes (SI and ICI):Partially-impli
it s
hemes allow large time-steps 
ompared to expli
it time-s
hemes, and thus they result ina better e�
ien
y. As outlined in se
tion 3.2, all the time-s
hemes of Aladin-NH are based on the idea ofa 
onstant-
oe�
ient linear separation of the sour
e terms of the evolution system, and a partially-impli
ittreatment based on this 
onstant-
oe�
ients linearisation.Two types of partly impli
it s
hemes are implemented in Aladin-NH: semi-impli
it (SI) and iterative-
entred-impli
it (ICI). The ICI s
heme is an iterative s
heme whi
h aim is to approa
h the fully-impli
it-
entred (FIC)s
heme. The FIC s
heme is generally believed to be optimally robust and a

urate. The ICI s
heme issometimes (abusively) referred to as "predi
tor-
orre
tor" (PC) s
heme, but this terminology should not beused be
ause it is misleading.Mar
hing s
hemes (3-TL and 2-TL):Three main types of time-mar
hing s
hemes are implemented in Aladin-NH:- 3-time-levels 
entred s
heme (3-TL, also referred to as "leap-frog")- 2-time-levels extrapolating 
entred s
heme (2-TL E)- 2-time-levels non-extrapolating s
heme (2-TL NE)Transport s
hemes (Eul and SL): 47



Although it may seem surprising, the Eulerian (Eul) or semi-Lagrangian (SL) treatment of material derivativeshas many links with the time-dis
retisation. In parti
ular various time-dis
retisations 
an be used only with aSL transport s
heme.Forbidden 
ombinations:Some 
ombinations of time-s
hemes, mar
hing-s
hemes, and transport s
hemes are not relevant: The SIs
heme should not be used with a 2-TL NE mar
hing-s
heme, be
ause this 
ombination is not se
ond-ordera

urate in time (only �rst-order a

urate). The 
ombination of an ICI s
heme with a 3-TL mar
hing-s
hemeis not very interesting be
ause for 3-TL s
hemes, 2 iterations are needed and the resulting s
heme is thus notvery e�
ient. Finally, 2-TL s
hemes are valid only for the SL transport-s
heme be
ause the adve
tive termsof the Eulerian version are unstable when treated in a 2-TL way.Summary of the 
ombinations des
ribed below:As a 
onsequen
e of the latter remarks, the des
ription in this do
umentation is limited to the following list:- 3-TL SI (SL and Eul) s
hemes- 2-TL E SI SL s
heme- 2-TL NE ICI SL s
heme5.2 Symboli
 notation for time dis
retisationsWe now introdu
e a symboli
 notation for the explanation of the prin
iple of the time s
hemes of Aladin-NH.In e�e
t it should be outlined that the 
hoi
e and the form of a time dis
retisation is largely independent of thedetails of the evolution system by itself. In other words the basi
 prin
iple of a given time-s
heme is exa
tlythe same for a shallow-water system than for a EE system. Moreover, for the des
ription of the prin
ipleof a time-s
heme, it is not very important to know if the system is spa
e-dis
retised or spa
e-
ontinuous.Hen
e, sin
e the nature of the evolution system is not of great importan
e for presenting the prin
iple of thetime-dis
retisations, the equations of the 
omplete system, the linear impli
it operator, and the state variabledo not need to be expanded; they 
an be 
ondensed in a symboli
 notation.The symboli
 notation used in this 
hapter to des
ribe the time-dis
retisation is valid for the spa
e-dis
retisedmodel as well as for an idealised spa
e-
ontinuous model. This latter feature is extensively used for also
ondensing the algebra in theoreti
al analyses.Symboli
ally, the state of the atmosphere 
an be represented by X . For the spa
e-dis
retised model X is ave
tor 
ontaining the whole grid-point values or spe
tral-
oe�
ients of all prognosti
 variables on the domainat a given time. For a spa
e-
ontinuous model, X would be a ve
tor of 
ontinuous fun
tions de�ned in theatmospheri
 domain, and the size of the ve
tor is then the number of prognosti
 variables.The whole model evolution system applying to X is noted M , whi
h e.g. represents the RHS of the systems(2.54) � (2.58). or (2.66) � (2.70) in the spa
e-
ontinuous 
ase.In the time-
ontinuous form, the original system (2.54) � (2.58) thus symboli
ally writes:
∂X

∂t
= M.XSimilarly, the linear operator in the RHS of (3.14) � (3.18) is noted L. The time-
ontinuous evolution of apertubation X ′ by this linear operator is thus:

∂X ′

∂t
= L.X ′In this 
hapter, the following notations are used: 48



X+ = X (t+ ∆t)

X− = X (t− ∆t)

X 0 = X (t)

XF = X (F ) at the �nal point of the SL traje
tory
XO = X (O) at the origin point of the SL traje
tory (interpolated)
I = the identity operator (in any spa
e)5.3 3-TL SI SL s
hemeThe position of the origin point O has �rst to be found. This is done by solving the equation:

OF = 2∆tV 0where V 0 is the wind at time t.In the 3-TL SI SL time s
heme, the evolution of the model is dis
retised as follows (see Tanguay, 1992):
X+

F −X−

O

2∆t
=

M.X 0
F + M.X 0

O

2
+ L

(
X+

F + X−

O

2
−

X 0
F + X 0

O

2

) (5.1)
⇒

X+
F = X−

O + ∆t (M.X 0
F + M.X 0

O) + ∆t L
(
X+

F + X−

O −X 0
F + X 0

O

) (5.2)Moving all the terms at (t + ∆t) to the left hand side and dropping the subs
ript F , the evolution 
an bewritten as a linear sytem whi
h to be solved for X+:
(
X+ − ∆t LX+

)
= X−

O + ∆t (M.X 0
F + M.X 0

O)︸ ︷︷ ︸
X+

NL

+ ∆t L
(
X−

O − (X 0
F + X 0

O)
)

︸ ︷︷ ︸
δX+

Lin

(5.3)In the right hand side, the �rst bra
keted term is traditionally 
alled �expli
it guess" sin
e this is the valuethat would be obtained with an expli
it leap-frog s
heme, and the se
ond one is traditionally 
alled �expli
itpart of the semi-impli
it 
orre
tion". However, in this do
umentation, we use a notation δX+
Lin

for the partwhi
h only involves the linear operator, and X+
NL

for the remaining part.In the Aladin-NH model, these two terms are 
omputed separately, then gathered, in the so-
alled "RHS ofthe impli
it system", whi
h is noted X̃+:
X̃+ = X+

NL
+ δX+

Lin
(5.4)The 
ompletion of the semi-impli
it s
heme then 
onsists in inverting the following linear system:

(I − ∆t L)X+ = X̃+ (5.5)This problem is de
omposed for ea
h spe
tral 
oe�
ient and variable, under the form of verti
al 
olumns, asit will be depi
ted in following se
tions.5.4 3-TL SI Eulerian s
hemeFor the Eulerian 3-TL SI se
tion, the latter version remains valid ex
ept that all subs
ripts F and O areremoved (the model M thus additionally 
ontains adve
tion terms, and interpolations are no longer used).49



5.5 2-TL E SI SL s
hemesIn a general way, 2-TL s
hemes are roughly twi
e more e�
ient than 3-TL s
hemes, be
ause a simple temporal"transfer fun
tion" is used instead of a full-model integration, to determine the intermediate state along thetraje
tories. This is the reason why 2-TL SI s
hemes are used for the operational HPE systems ARPEGE/IFSand Aladin.As outlined above, two main types of 2-TL s
hemes 
an be distinguished: 2-TL extrapolating (2-TL E)s
hemes, and 2-TL non-extrapolating (2-TL NE) s
hemes, but the 
ombination 2-TL NE SI is forbidden,be
ause it is only �rst-order a

urate in time. Hen
e, the des
ription is restri
ted here to 2-TL E SI s
hemes.In Aladin-NH, there are two variants of the 2-TL E SI s
heme: namely the "normal extrapolation" s
hemeand the "stable extrapolation" s
heme (
alled "SETTLS"). These two variants only di�er by the way thetime-extrapolation is performed. The "SETTLS" extrapolation is more stable than the normal one, even forthe HPE system. The "SETTLS" is more 
onsistent than the "normal" extrapolating s
heme. Hen
e, in thisdo
umentation, only the "SETTLS" s
heme is des
ribed.A last remark 
on
erning 2-TL E SI s
hemes is that they are "not really" 2-TL s
hemes be
ause the extrap-olation ne
essarily involves a third time-level. However, their behaviour is mu
h 
loser to 2-TL s
hemes than3-TL s
hemes, and this is why they are usually 
ategori
ized in the 
lass of 2-TL s
hemes.The position of the origin point O has �rst to be found. This is done by solving (in O) the equation:
OF = 0.5∆t(V 0

F + 2V 0
O − V −

O )The evolution of the model is then dis
retised as follows:
X+

F − X 0
O

∆t
=

M.X 0
F + 2M.X 0

O −M.X−

O

2

+ L

(
X+

F + X 0
O

2
−

X 0
F + 2X 0

O −X−

O

2

) (5.6)
⇒

X+
F = X 0

O +
∆t

2
(M.X 0

F + 2M.X 0
O −M.X−

O )

+
∆t

2
L
[
(X+

F + X−

O ) − (X 0
F + X 0

O)
] (5.7)Grouping the X+ terms at left, and dropping the subs
ript "F" yields:

(
X+ −

∆t

2
LX+

)
=

X+
NL︷ ︸︸ ︷

X 0
O +

∆t

2
(M.X 0

F + 2M.X 0
O −M.X−

O )

+
∆t

2
L
[
X−

O − (X 0
F + X 0

O)
]

︸ ︷︷ ︸
δX+

Lin

(5.8)Similarly to above, we have:
X̃+ = X+

NL
+ δX+

Lin
(5.9)The 
ompletion of the semi-impli
it s
heme then 
onsists in inverting the following linear system:

(
I −

∆t

2
L

)
X+ = X̃+ (5.10)50



5.6 2-TL NE ICI SL s
hemesEven if 2-TL SI s
hemes 
an be used without parti
ular problem at a resolution of 2 km, expli
itly treatednon-linear terms may result in a la
k of robustness for higher resolutions (and thus steeper orography). Thisis why a 2-TL ICI s
heme is implemented in Aladin-NH, in order to guarantee an optimal robustness of themodel even at higher resolutions. The target s
heme for an operational use in 2008 in AROME is a 2-TL ICIs
heme.In ICI s
hemes, the non-extrapolating option 
an legitimately be used be
ause the iteration restores to se
ond-order in time a

ura
y, as soon as at least one iteration is used. As mentionned above, ICI s
hemes are basedon the iterative solution of the non-linear impli
it problem resulting from a FIC s
heme. The iteration indexis noted (i).The position of the origin point O(0) is found by solving the equation:
O(0)F = 0.5∆t(V 0

F + V 0
O(0))Then, a 2TL NE SI time-step is performed, and the result is noted X+(0):

X
+(0)
F −X 0

O(0)

∆t
=

M.X 0
F + M.X 0

O(0)

2
+ L

(
X

+(0)
F −X 0

O(0)

2

) (5.11)Then, the following algorithm is iterated:
O(i)F = 0.5∆t(V

+(i−1)
F + V 0

O(i))

X
+(i)
F −X 0

O(i)

∆t
=

M.X
+(i−1)
F + M.X 0

O(i)

2
+ L

(
X

+(i)
F −X

+(i−1)

O(i)

2

) (5.12)for i = 1, · · · , NSITER. The �nal state X+ is then taken as the last iterated value X+(NSITER):
X+ = X+(NSITER)In pra
ti
e, it is expe
ted that one iteration NSITER = 1 is enough to maintain a satisfa
tory robustness athigh resolutions.Both equations (5.11), (5.12) 
an be rewritten 
on
isely as:

(
I −

∆t

2
L

)
X+(i) = X̃+(i) (5.13)where:

X̃+(i) = X
+(i)
NL

+ δX
+(i)
Lin

(5.14)where:
X

+(0)
NL

= X 0
O(0) +

∆t

2

(
M.X 0

F + M.X 0
O(0)

) (5.15)
δX

+(0)
Lin

= −
∆t

2
L.X 0

O(0) (5.16)
X

+(i)
NL

= X 0
O(i) +

∆t

2

(
M.X

+(i−1)
F + M.X 0

O(i)

) (5.17)
δX

+(i)
Lin

= −
∆t

2
L.X

+(i−1)

O(i) (5.18)
XLin is the part involving L in the RHS of (5.11)-(5.12), while XNL is the remaining part.Equations (5.13) and (5.14) are valid for i = 0, · · · , NSITER.51



5.7 Choi
e of prognosti
 variablesIt has been shown in Bénard (2003), Bénard et al. (2004), and Bénard et al. (2005) that the 
hoi
e of theprognosti
 variables may have a tremendous impa
t on the stability of the SI or ICI s
heme of the NH model.*** TO BE WRITTEN ***5.8 Spe
ial expli
it treatment of the X-term for the dl variableIn the 
ase where the dl variable is used, it has been mentionned in Chapter 2, that the evolution of theso-
alled X-term in the RHS of (2.47) was introdu
ed through a spe
i�
 treatment. This spe
ial treatment isdetailed in the present se
tion.The equation (2.47) is rewritten for 
on
iseness as follows:
ddl

dt
= RHSd + Ẋ (5.19)The problem is to evaluate Ẋ. An expli
it evaluation by expanding X in terms of the basi
 variables T , P , π,et
. would lead to a 
umbersome equation. In Aladin-NH (similarly to MC2 and CRCM 
anadian models) ithas been 
hosen to repla
e this 
umbersome evolution group by an expli
it evaluation along the SL traje
tory,using only known past information. This approa
h is detailed hereafter for ea
h time-s
heme of Aladin-NH(the dis
retisation of RHSd is not expanded, for 
larity):3-TL SL SI s
heme

dl+F = dl−O + 2∆t RHSd + (X0
F + X0

O − 2X−

O) (5.20)3-TL Eul SI s
heme
dl+ = dl− + 2∆t RHSd + 2(X0 − X−) (5.21)2-TL SI s
hemes (and �rst iteration of the 2-TL NE ICI s
heme)

dl+F = dl0O + ∆t RHSd + (Xm
F + Xm

O − 2X0
O) (5.22)where Xm denotes extrapolated (or not) values, a

ording to the type of extrapolation whi
h is 
hosen("SETTLS" extrapolation, or no extrapolation). This expression is also valid for the initial evaluation [denotedby i = (0) in (5.11)℄ of the 2-TL NE ICI s
heme.subsequent iterations (i) ≥ 1 of the 2-TL NE ICI s
heme

dl
+(i)
F = dl0O + ∆t RHSd + (X

+(i−1)
F − X0

O) (5.23)We note that these spe
ial treatments are not se
ond-order a

urate in time for SI s
hemes. However, as soonas at least one ICI iteration is performed [(i) ≥ 1℄, the se
ond-order a

ura
y in time is restored.52



5.9 Rigid bottom boundary 
ondition in the SL 
ontextIt has been seen in se
tion 4.7.2 that for SL s
hemes, the rigid bottom boundary 
ondition 
ould be expresseddire
tly in terms of the par
els' verti
al a

eleration ẇs We may write, for a 3-TL s
heme:
ẇs =

w+∗

sF − w−

sO

2∆t
(5.24)In this equation, w+∗

sF is an expli
it guess of the surfa
e verti
al velo
ity at time (t + ∆t). In the 
urrentversion, this guess is given by the following equation:
w+∗

sF − w−

sO

2∆t
=

M0
F + M0

O

2
+

L0
O + L−

O

2
− L0

O (5.25)where M are the sour
es of w in the full model, and L are the sour
es of w in the linear SI model. Thesesour
es are dedu
ed from the sour
es for the verti
al momentum variable d or dl.The extension to 2-TL SL s
hemes is straightforward, and is not developed here.5.10 Solution of the impli
it problemIn all 
ases (3-TL SI, 2-TL SI, and 2-TL ICI), we see that the impli
it problem to be solved is the same, andwrites symboli
ally:
(I − δt L)X = X̃ (5.26)where the unknown is X and the RHS X̃ is known expli
itly. The pre
ise meaning of δt and X depends ofthe type of s
heme: 3-TL s
hemes −→ δt = ∆t2-TL s
hemes −→ δt = (∆t/2)and: SI s
hemes −→ X = X+ICI s
heme (index i) −→ X = X+(i)The system (5.26) is now 
ast in spe
tral spa
e for ea
h individual variable 
olumn at spe
tral lo
ation (m,n).The variables are now 
onsidered as being 
olumn ve
tors of verti
al values from level 1 to L for a givenspe
tral 
omponent (m,n). Similarly, the linear operators are 
onsidered as being matri
es applying to theseve
tors. The verti
al 
olumn ve
tor 
orresponding to a variable ψ is noted ψ (and similarly πs = πs.(1, 1, ....1)).Substituting the a
tual expression of L given by (3.27)�(3.31) in the symboli
 equation for the impli
it problem(5.26) yields:

D′ − δt∆′

[
RT ∗ (G∗ − 1)P −RG∗T −

RT ∗

π∗

s

πs

]
= D̃

d − δt

(
−

g

rH∗

L∗P

)
= d̃

P − δt

[(
S∗ −

Cp

Cv

)
m2

∗
D′ −

Cp

Cv
d

]
= P̃53



T − δt

(
−
RT ∗

Cv
m2

∗
D′ −

RT ∗

Cv
d

)
= T̃

πs − δt
(
−π∗

sN
∗m2

∗
D′
)

= π̃sAs an illustration, for a 3-TL SI Eul s
heme we would have:
D̃ =

1

m2
D

+

NL
+

1

m2
δD

+

Lin

d̃ = d
+

NL
+ δd

+

Lin

P̃ = P
+

NL
+ δP

+

Lin

T̃ = T
+

NL
+ δT

+

Lin

π̃s = π
+

s NL
+ δπ

+

s Linand (still for a 3-TL Eul s
heme only):
δD

+

Lin
= δt∆

[
RT

∗ (G∗

− 1)
(
P

−

− 2P0
)
− RG

∗

(
T

−

− 2T
0
)
−

RT ∗

π∗

s

(
πs

−

− 2πs

0
)]

δd
+

Lin
= δt

(
−

g

H
L

∗

) (
P

−

− 2P0
)

δP
+

Lin
= δt

[(
S
∗

−
Cp

Cv

)
m

2
∗

m2

(
D

−

− 2D
0
)
−

Cp

Cv

(
d
−

− 2d0
)]

δT
+

Lin
= δt

[
−

RT ∗

Cv

m
2
∗

m2

(
D

−

− 2D
0
)
−

RT ∗

Cv

(
d
−

− 2d0
)]

δπ
+

s Lin
= δt

[
−π

∗

sN
∗
m

2
∗

m2

(
D

−

− 2D
0
)]The extension to other 
ases (2-TL E SI SL, and 2-TL NE ICI SL) is straightforward using the form of the RHSin (5.8) and (5.15)�(5.18).Note that the 
omputation of tilded quantities being made in grid point spa
e, they use only physi
al quantities.Moreover, the 
omputation of D̃ is in fa
t de
omposed in the 
ode, exa
tely as in the hydrostati
 version, by�rst 
omputing ũ′ and ṽ′ in grid point spa
e and then 
ombining them during spe
tral transforms as mentionnedabove. We won't go into more details about this subje
t sin
e it is not a non-hydrostati
 spe
i�
ity.5.10.1 Elimination of variablesThe elimination pro
ess is similar to the one used for the derivation of the stru
ture equation of the linearsystem. The d and D′ variables are �rst kept:

d = d• + δt2
[(

−
g

rH∗

L∗

)(
S∗ −

Cp

Cv

)
m2

∗
D′ +

(
−

g

rH∗

L∗

)(
−
Cp

Cv

)
d

]

= d• + δt2
[

L∗

rH2
∗

(
−RT ∗S∗ + c2

∗

)
m2

∗
D′ + c2

∗

L∗

rH2
∗

d

]and
D′ = D• + δt2∆′

{[
RT ∗ (G∗ − 1)

(
S∗ −

Cp

Cv

)
+ (−RG∗)

(
−
RT ∗

Cv

)
+

(
−
RT ∗

π∗

s

)
(−π∗

sN
∗)

]
m2

∗
D′ +

[
RT ∗ (G∗ − 1)

(
−
Cp

Cv

)
+ (−RG∗)

(
−
RT ∗

Cv

)]
d

}whi
h yields, by virtue of (4.1): 54



D′ = D• + δt2∆′
[
c2
∗
m2

∗
D′ +

(
−RT ∗G∗ + c2

∗

)
d
]with the following expli
it terms:

d• = d̃ + δt

[(
−

g

rH∗

L∗

)
P̃

]

D• = D̃ + δt∆′

[
RT ∗ (G∗ − 1) P̃ + (−RG∗) T̃ +

(
−
RT ∗

π∗

s

)
π̃s

]The linear system 
an be rearranged into:
(

1 − δt2c2
∗

L∗

rH2
∗

)
d = d• + δt2

L∗

rH2
∗

(
−RT ∗S∗ + c2

∗

)
m2

∗
D′ (5.27)

(
1 − δt2c2

∗
∆′m2

∗

)
D′ = D• + δt2∆′

(
−RT ∗G∗ + c2

∗

)
d (5.28)We note that:

(
1 − δt2c2

∗
m2

∗
∆′
)
.

[
d• + δt2

L∗

rH2
∗

(
−RT ∗S∗ + c2

∗

)
m2

∗
D′

]

=
(
1 − δt2c2

∗
m2

∗
∆′
)
d• +

[
δt2

L∗

rH2
∗

(
−RT ∗S∗ + c2

∗

)
m2

∗

] (
1 − δt2c2

∗
∆′m2

∗

)
D′Substituting (5.27) in the LHS and (5.28) in the last RHS term of the latter equation yields:

(
1 − δt2c2

∗
m2

∗
∆′
)(

1 − δt2c2
∗

L∗

rH2
∗

)
d

=
(
1 − δt2c2

∗
m2

∗
∆′
)
d• +

[
δt2

L∗

rH2
∗

(
−RT ∗S∗ + c2

∗

)
m2

∗

] [
D• + δt2∆′

(
−RT ∗G∗ + c2

∗

)
d
]

= d•• +

[
δt2

L∗

rH2
∗

(
−RT ∗S∗ + c2

∗

)
m2

∗

] [
δt2∆′

(
−RT ∗G∗ + c2

∗

)
d
]with:

d•• =
(
1 − δt2c2

∗
m2

∗
∆′
)
d• + δt2

L∗

rH2
∗

(
−RT ∗S∗ + c2

∗

)
m2

∗
D• (5.29)By using the se
ond dis
retisation 
onstraint (4.4) in a similar way as in the time-
ontinuous 
ase, the expressionfor d takes the �nal form:

[
1 − δt2c2

∗

(
m2

∗
∆′ +

L∗

rH2
∗

)
− δt4

N2
∗
c2
∗

r
m2

∗
∆′T∗

]
d = d•• (5.30)5.10.2 Fa
torisation of the Helmholtz Equation spatial operatorThe time- and spa
e-dis
retised stru
ture equation (5.30) is rewritten under a form 
onsistent with the hy-drostati
 
ase, and readily exploitable in the 
ase of a spatially-variable linearised map-fa
tor m∗:

[
1 − δt2Bm2

∗
∆′
]
d = d••• (5.31)with: 55



B = c2
∗

(
1 − δt2c2

∗

L∗

rH2
∗

)
−1

.

(
1 + δt2

N2
∗

r
T∗

)
= T−1

1 .T2 (5.32)and:
d••• =

(
1 − δt2c2

∗

L∗

rH2
∗

)
−1

.d•• (5.33)and where T1 and T2 are de�ned by:
T1 =

(
I− δt2c2

∗

L∗

rH2
∗

) (5.34)
T2 = c2

∗

(
I + δt2

N2
∗

r
T∗

) (5.35)It is seen that T1 and T2 are verti
al tri-diagonal invertible and diagonalisable operators provided all theeigenvalues of L∗ are negative with a multipli
ity-order of one, and all the eigenvalues of T∗ are positive witha multipli
ity-order of one. These 
ondition are found to be met for the �nite-di�eren
e verti
al dis
retisationdes
ribed in Chapter 4.Pra
ti
ally, the matrix B is 
omputed, then diagonalised into:
B = QB.∆B.QB

−1 (5.36)These three matri
es are 
omputed in the model's setup and stored for use during the integration. Thenonobvious 
ode notation is :
QB = SIMO

QB
−1 = SIMI

∆B = SIVPThe RHS d••• is �rst de
omposed in the basis of the eigenmodes of B, i.e. QB
−1.d••• is 
omputed. Forea
h eigenmode of B with index k, the impli
it equation to be solved is a 2D equation whi
h 
an be solveddire
tly in the spe
tral spa
e:

[
QB

−1.d
]
k

=
[
(1 − δt2 [δB]k m2

∗
∆′)
]−1 [

QB
−1.d•••

]
k

(5.37)where [δB]k is the diagonal element of ∆B with index k. We see that the initial 3D impli
it problem be
omesa set of L impli
it 2D problems that 
an be solved independently. Finally, for a given spe
tral 
omponent
(m,n) and a given mode with index k the impli
it equation to be solved is:

[
QB

−1.d
]
k

=
[
(1 − δt2 [δB]k m2

∗
∆′)m

n

]−1 [
QB

−1.d•••
]
k

(5.38)In the 
ase where the linearized map fa
tor m∗ is a 
onstant, the solution of the semi-impli
it system thereforeresults in a s
alar inversion (1−δt2 [δB]k m2
∗
∆′)m

n for ea
h spe
tral 
omponent (m,n) and for ea
h eigenmodeof B.In the 
ase of a spatially-variable map-fa
tor m∗ (so-
alled option "LSIDG"), the operator m2
∗
∆′ be
omesnon-diagonal, and has to be inverted matri
ally. This so-
alled LSIDG strategy is 
omputationnally e�
ientonly if the linear operator whi
h represents the multipli
ation by the spatially-variable linearised map-fa
tor

m∗ writes as a diagonal-banded matrix in the spa
e of spe
tral 
omponents, and with a very limited numberof nonzero diagonals.On
e the inversion step is performed, the unknown d is re
overed through a multipli
ation of the obtainedresult by QB. This �nishes the determination of the semi-impli
it variable d.56



5.10.3 Determination of variables at t + ∆tOn
e d has been determined, the 
omputation of the other prognosti
 variables at t + ∆t is straightforward.First, the horizontal divergen
e is obtained by:
D′ =

(
1 − δt2c2

∗
∆′m2

∗

)−1 [
D• + δt2∆′

(
−RT ∗G∗ + c2

∗

)
d
] (5.39)This matrix inversion 
an thus be solved s
alarly for ea
h 
olumn ve
tor when m∗ is a 
onstant, but requiresthe inversion of a banded diagonal matrix in the 
ase of a spatially-variable linearised map-fa
tor m∗. Theother variables are dire
tly obtained from the original system:

P = P̃ + δt

[(
S∗ −

Cp

Cv

)
m2

∗
D′ −

Cp

Cv
d

]

T = T̃ + δt

(
−
RT ∗

Cv
m2

∗
D′ −

RT ∗

Cv
d

)

πs = π̃s + δt
(
−π∗

sN
∗m2

∗
D′
)5.11 Time Filter (for 3-TL s
hemes)A time �lter is used to damp fast time os
illations of variables due to the de
orelation of 
onse
utive timelevels in leap-frog (3-TL) s
hemes. The formulation is the same as in ARPEGE: The �lter 
an be un
entered,as shown in the expression for �ltered X variable (noted X):

X
t
= ε1X

t−1
+ (1 − ε1 − ε2)X

t + ε2X
t+1This time �lter is applied in grid point spa
e, and 
omputations are splitted into two steps. The �rst partof Xt, involving Xt−1 and Xt, is performed at the end of grid point 
al
ulations, after the 
omputation ofthe expli
it guess has been done using non �ltered values Xt for the tenden
ies at time t. The se
ond partis made at the beginning of the grid point 
al
ulations for the following time step, in su
h a way that thestarting point for the leap frog s
heme is the 
ompletely �ltered value.
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Chapter 6Initialisation/Coupling(08/05/1998)6.1 Spe
i�
ation of NH variables from an hydrostati
 stateThe problem of spe
i�
ation of NH variables from an hydrostati
 (H) state arises when trying to de�neinitial/
oupling �les for a NH model with data from an H model output �le. In our 
ase the NH model isAladin, but the H model 
an be ARPEGE (thus 
on�guration E927) or Aladin (thus 
on�guration EE927). Of
ourse the H model output �les 
ontain no information about the NH variables, and some information musttherefore be "invented" to be in
orporated in the NH �les.Some preliminary works (Bubnova et al., 1995) have shown that the two extra variables introdu
ed by thenon-hydrostatism (P̂ , d̂) adapt themselves to the �ow essentially in a lo
al and fast way. The evolution of the�ow is not 
ru
ially dependent on the value of these �elds.The prin
iple retained here for the spe
i�
ation of the two new variables thus obey to the two following
onstraints:- Conservation of the hydrostati
 equilibrium initially present in the H state- Conservation of the a
ousti
 equilibrium initially present in the H state (in the absen
e of initial diabati
sour
es of 
ourse).Therefore, all NH simulations basi
ally start with a NH state but in hydrostati
 equilibrium, and free of a
ousti
disturban
es. The se
ond 
onstraint spe
i�es that no a
ousti
 energy is introdu
ed in the initial state due tothe spe
i�
ation of the two new variables by itself, but of 
ourse the a
ousti
 energy potentially introdu
edby the presen
e of diabati
 sour
es must be ex
luded when expressing the 
onstraint. In fa
t, in the presentstate of the Aladin NH version this is a false problem sin
e the diabati
 sour
es are eliminated from the P̂prognosti
 equation (see future 
hapter on introdu
tion of diabatism). The two 
onstraints thus have thefollowing mathemati
al expression:
[p− π](t = 0) ≡ 0 (6.1)[

d(p− π)

dt

]

adiab

(t = 0) ≡ 0 (6.2)whi
h write: 58



P(t = 0) ≡ 0 (6.3)(
dP

dt

)

adiab

(t = 0) ≡ 0 (6.4)The equation (2.57) for the adiabati
 evolution of P then writes initially,
(
dP

dt

)

adiab

(t = 0) = −(1 + P)

(
Cp

Cv
D3 +

π̇

π

)and the se
ond 
onstraint be
omes:
(
Cp

Cv
D3 +

π̇

π

)
≡ 0Repla
ing with the expression of D3 given by (2.62), the spe
i�
ation for the initial verti
al velo
ity derivative�nally be
omes:

(
−g

∂w

∂η

)
= m

RT

π

(
−∇V −

1

m

π

RT
∇φ.

∂V

∂η
−
Cv

Cp

π̇

π

) (6.5)This variable −g(∂w/∂η) is diagnosed in the SUBROUTINE POS.F under the name ZVDT0
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Chapter 8Appendix A: Misleading terminologyfor π(19/11/2003)Here, we argue that the name "hydrostati
-pressure" 
hosen for π by Laprise,1992, is not very happy, be
ausemisleading in the general 
ase. This is for at least three fundamental reasons. We think that the name"mass-based" 
oordinate is mu
h more appropriate.The use of the π 
oordinate is not ne
essarily restri
ted to meteorologi
al or even planetary-atmosphereproblems. As outlined in Laprise, 1992, and Wood and Staniforth, 2003, the numeri
al 
onstant g whi
happears in (9.1) is introdu
ed for simpli
ity reasons. But we 
ould perfe
tly de�ne π by:
∂π

∂z
= −

p

RT
(8.1)In this 
ase, it appears 
learly that π has not ne
essarily any link with the gravity. One 
an imagine forexample that we want to predi
t the atmosphere inside a parallelepipedi
 spa
e
raft without gravity. For thelongest dire
tion we 
ould 
hoose a length-based 
oordinate (x, y), but for the shortest dire
tion, we 
ouldindi�erently 
hoose a length-based 
oordinate z or a mass-based 
oordinate π, as de�ned in (8.1).Now, we imagine that the air inside our spa
e
raft is resting. Sin
e we are in weightless 
onditions, then thepressure is uniform in the whole spa
e
raft, and sin
e the air is resting, the pressure is equal to the stati
 one.Hen
e the stati
 pressure is uniform while π is of 
ourse not uniform. In this parti
ular framework, it 
annottherefore be said that π is the "value of the pressure if the �ow is stati
".Hen
e, we 
an say that the use of a mass-based 
oordinate is not restri
ted to planetary-atmosphere problems.For problems other than planetary-atmosphere type the π 
oordinate is not an hydrostati
-pressure 
oordinate,but a mass-
oordinate.In the previous example, it 
ould be argued that Laprise, 1992, gave this name be
ause is deliberately restri
tedhis s
ope to meteorologi
al problems (although this does not appear in the title, this restri
tion appearsimpli
itely as soon as in the �rst senten
e). Hen
e in the 
ase of his paper, the word "hydrostati
-pressure"
oordinate 
ould be argued to be valid in spite of the above dis
ussions. But even for the meteorologi
alproblem, the word is bad 
hosen.Now we imagine that we want to represent a verti
ally-bounded atmosphere with a rigid lid at a �xed physi
alheight (this type of representation is useful for meso-s
ale studies, hen
e it is wishable to be able to des
ribeit). In this 
ase the 
on
ept of hydrostati
-pressure itself is not well-de�ned, be
ause the pressure at rest isnot ne
essarily equal to the value of π de�ned by the Laprise paper. Yet the π 
oordinate de�ned by (9.1)
an still perfe
tly be used, although it does not ne
essarily represent the pressure at rest divided by g.62



Even for meteorologi
al problems with verti
ally unbounded atmospheres, the name "hydrostati
-pressure 
o-ordinate" may be unappropriate. This is the 
ase for deep-atmospheres, in whi
h the area of a ground-unit-area
olumn in
reases with height, due to the spheri
al geometry of the atmosphere. Wood and Staniforth, 2003,have shown that in this 
ase, the 
oordinate π is a mass-
oordinate and not an hydrostati
-pressure 
oordi-nate. In e�e
t for deep-atmospheres, the hydrostati
-pressure is not equal to the weight of the atmospheri
(diverging) 
olumn above a point, due to the upward buoyan
y for
e exerted on the diverging surfa
e of the
olumn by the neighbouring 
olumns.The major problem of using this name is that it may give the feeling that the hydrostati
 pressure is equalto π. This is not true in the general 
ase, namely when the hydrostati
-pressure itself is not a well de�ned-
on
ept, and this may lead to false interpretations, espe
ially with respe
t to the spe
i�
ation of the top BC.Our re
ommendation should be rather to think π 
on
eptually as a spa
e 
oordinate whi
h is related to thevariations of mass, but nothing more. Thinking π in terms of an hydrostati
-pressure is not re
ommended.
• SummaryThe term "hydrostati
-pressure 
oordinate" sometimes applied to the π 
oordinate is valid only for veryrestri
ted frameworks (verti
ally unbounded shallow-atmospheres for planetary problems), hen
e it should beused only very 
arefully, sin
e using this name 
an lead to some misundertandings. The name "mass-based
oordinate" should be preferred in general.
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Chapter 9Appendix B: Top and bottom boundary
onditions in mass-
oordinate models,in Aladin and Aladin-NH(19/11/2003)9.1 introdu
tionThe physi
al meaning of the various 
onstraints imposed at the boundaries of the Aladin and Aladin-NHsystems is examined in this 
hapter.The 
urrent versions of Aladin and Aladin-NH assume at the top of the domain that the boundary 
onditionis 
hara
terized by pT = πT = 0. However, this is a limitation whi
h 
ould be wishable to be removed,e.g. for very small s
ale experiments su
h as bubble experiments, for whi
h only a limited portion of theverti
al atmosphere is modelled. In the 
urrent version , this type of experiment leads to a big jump in verti
alresolution at the last level, or to the addition of many levels near the top in order to try to avoid this resolutionjump.In this note, we try to derive the shape of the top BC whi
h should be applied to relax the 
urrent assumption
pT = πT = 0 and we also try to give a physi
al interpretation of the resulting top BC.9.2 Fundamental indetermina
y of πWe want to des
ribe the evolution of a portion of the atmosphere with a mass-type 
oordinate π. FollowingLaprise, 1992, we de�ne our mass 
oordinate by stipulating that the 
ontinuity equation must be purelydiagnosti
. However, de�ned in this way, the π 
oordinate is not fully-determined:

∂π

∂z
= −g

p

RT
(9.1)It is seen from the above equation that this requirement of a diagnosti
 
ontinuity equation is not enough touniquely de�ne π mathemati
ally: π is only de�ned to the extent of a 
onstant π0(x, y, t) for ea
h 
olumn[denoted by (x, y)℄, and at ea
h time t. The fun
tion π0(x, y, t) is in fa
t not totally arbitrary, it must be
ontinuous and di�erentiable in order to be able to derive formulae for the 
oordinate 
hange.It should be strongly outlined that a further spe
i�
ation of π0(x, y, t) is totally arbitrary and free.Applying su
h a spe
i�
ation will have the result to allow a non-ambiguous de�nition for π but, will not64



restri
t in any aspe
t the generality of the framework. The spe
i�
ation of π0 must be viewed exa
tly asthe spe
i�
ation of the origin of the 
oordinates in a more 
onventional system with a length-based 
oordinate:spe
ifying where is lo
ated the origin of the 
oordinate never restri
t the framework of a physi
al system.Of 
ourse, when building a model, it is handful (and maybe ne
essary) to remove this indetermina
y, be
ausewe have to pra
ti
ally solve the equations, but as long as we do not try to solve pra
ti
ally the equations, theindetermina
y 
an be left in the system, by allowing π0(x, y, t) to be whatever possible. Here we keep themost general possiblility for π0 without spe
ifying it any further, be
ause this helps to understand more 
learlythe role of the various 
onditions applied at boundaries, espe
ially for the hydrostati
 system.In 
ontrast to the fundamental indetermina
y of π, the true pressure p is determined uniquely in the atmosphere.In the following dis
ussions, we assume that the atmosphere is an ideal gas, hen
e, p is known uniquely, if ρand T are known. Experimentally, p is dire
tly a

essible through barometri
 measurements by 
omparing thereal pressure to the pressure of the empty spa
e, taken as a referen
e.9.3 Domain boundaries, materiality, and mass 
onservation9.3.1 spe
i�
ation of the domain boundariesOur goal, while designing Aladin or Aladin-NH, is to des
ribe the evolution of a �uid inside an "atmospheri
"domain, i.e. whi
h is 
onvex in z for any 
olumn (x, y). Sin
e π is a verti
al 
oordinate, the domain will alsobe 
onvex in π for any (x, y) (not shown). Thus, the domain 
an be de�ned by:
π ∈ [πT (x, y, t), πs(x, y, t)] (9.2)where πT (x, y, t) and πs(x, y, t) are two 
ontinuous and di�erentiable arbitrary fun
tions for time being.9.3.2 spe
i�
ation of the materiality of domain boundariesFor any verti
al 
oordinate µ, and any �ow, the fa
t that the �ow is tangential to a given moving surfa
e

µ = µs(x, y, t) writes:
[
d

dt
(µ− µs)

]

µ=µs

= 0 (9.3)where (d/dt) is the Lagrangian derivative. This 
ondition is purely "kinemati
" and simply stipulates that thesurfa
e µs is a traje
tory surfa
e for the velo
ity �eld of the 
onsidered �ow, i.e. there is no velo
ity �owa
ross the surfa
e µs.If the �ow des
ribes the evolution of a material medium atta
hed to a mass density �eld ρ, this 
onditionbe
omes a "material" boundary 
ondition, and stipulates that there is no mass-�ux a
ross the surfa
e µs.From now on, we impose the upper and lower boundaries of the atmospheri
 domain (πT , πs) to be material.Hen
e, for par
els lo
ated at the upper or lower boundaries. The latter 
onditions write:
π̇(π=πs) =

∂πs

∂t
+ Vs.∇πs (9.4)

π̇(π=πT ) =
∂πT

∂t
+ VT .∇πT (9.5)65



9.3.3 Evolution of the 
olumn-integrated massThe 
ontinuity equation is exa
tly the same for the H and the NH systems. From now on, we assume thatthere are no mass sour
es, hen
e, the 
ontinuity equation writes:
∇V +

∂π̇

∂π
= 0 (9.6)where π̇ is the Lagrangian derivative of π. Integrating verti
ally through the whole domain we thus have:

π̇(π=πs) − π̇(π=πT ) = −

∫ πs

πT

∇V dπ (9.7)Using the materiality 
onditions (9.5)�(9.5), this yields:
∂πs

∂t
−
∂πT

∂t
= −

∫ πs

πT

∇V dπ − Vs.∇πs + VT .∇πT (9.8)This equation des
ribes the evolution of the 
olumn-integrated mass of the atmospheri
 medium inside thespe
i�ed domain.9.3.4 Mass 
onservation in the domainWe 
an 
he
k that this de�nition of the domain boundaries and of the materiality 
ondition insure the 
on-servation of the mass if the (x, y) domain represents a 
losed surfa
e.
d

dt

{∮

Σ

[∫ πT

πs

(
−

1

g

)
dπ

]
dΣ

}
=

1

g

d

dt

[∮

Σ

(πs − πT )dΣ

]

=
1

g

∮

Σ

∂

∂t
(πs − πT )dΣ

=
1

g

∮

Σ

[
−

∫ πs

πT

∇.V dπ − Vs.∇πs + VT .∇πT

]
dΣ

=
1

g

∮

Σ

[
∇

∫ πs

πT

V dπ

]
dΣ

⇒

d

dt

{∮

Σ

[∫ πs

πT

(
−

1

g

)
dπ

]
dΣ

}
= 0 (9.9)whi
h proves the mass 
onservation. For the previous derivation, the following mathemati
al identities havebeen used:

d

dt

[∮

Σ

f(x, y, t)dΣ

]
=

∮

Σ

(
∂f

∂t

)

(x,y)

dΣ (9.10)
∇

∫ πs

πT

g(x, y, π, t)dπ =

∫ πs

πT

∇g dπ + g(πs).∇πs − g(πT ).∇πT (9.11)9.4 Top and bottom BCs for Hydrostati
 ModelsIn this se
tion, in order to better illustrate the analogy with NH models, we keep the π 
oordinate undetermined,that is, the origin π0(x, y, t) of the 
oordinate is not spe
i�ed (ex
ept in subse
tion 9.5).The value of p is uniquely de�ned from the ideal gas law for instan
e, but the lo
al value of the 
oordinate πis assumed undetermined. However, the system is hydrostati
, hen
e for ea
h 
olumn (x, y) and ea
h time t,66



[π− p(x, y, π, t)] is a pure 
onstant that we 
an 
hoose to de�ne as pre
isely being π0(x, y, t). Doing this wesimply stipulate that the arbitrary fun
tion π0(x, y, t) will a
ts as a link between p and π:
p(x, y, π, t) = π − π0(x, y, t) (9.12)It should be repeated that the more spe
i�
 writing in (9.12) does not indu
e any loss of generality: as longas π0 is not 
hosen expli
itly, the full indetermina
y of π remains entirely.Inserting (9.12), the hydrostati
 equation writes:

∂φ

∂π
= −

RT

π − π0
(9.13)Hen
e:

φT − φs =

∫ πs

πT

RT (x, y, π, t)

π − π0(x, y, t)
dπ (9.14)We are now in position to 
on
eptually introdu
e physi
al top and bottom BCs. The bottom BC is imposedas "rigid" while the top boundary 
an be 
hosen as "rigid" or "elasti
".Rigid bottom BCsFor the bottom BC, we restri
t ourselves to a rigid BBC, as traditionally in meteorology:

• φs = Φs(x, y)where Φs(x, y) is an expli
itly spe
i�ed fun
tion of the horizontal (the earth's orography).Rigid top BCsThe 
hoi
e of a rigid top BC is not very natural for models formulated in mass-type 
oordinate, but it 
ouldperfe
tly be retained. In this 
ase, the top BC would write:
• φT = ΦT (x, y)where ΦT (x, y) is an expli
itely spe
i�ed fun
tion of the horizontal (usually a pure 
onstant in pra
ti
e). Inthis 
ase, πs and πT will be fun
tions of both (x, y) and t. They will be determined by solving the systemformed by (9.8), (9.14), after an expli
it spe
i�
ation of π0. This leads to solving an integral impli
it equation,and this is why the spe
i�
ation of a rigid top BC is not very natural for a mass-based 
oordinate model.Elasti
 top BCsThe elasti
 top BC writes:
• pT = pT (x, y)where pT (x, y) is an expli
itely spe
i�ed fun
tion of the horizontal (usually a pure 
onstant). In this 
ase, wehave:

πT (x, y, t) = pT (x, y) + π0(x, y, t), (9.15)thus, the expli
it spe
i�
ation of π0 will immediately lead to the expli
it spe
i�
ation of πT . Then πs isdetermined through (9.8) and φT through (9.14). It should be noted that this system is mu
h easier to solvethan for the 
ase of a rigid upper BC. 67



9.5 Pra
ti
al appli
ations for Hydrostati
 ModelsNow that the mathemati
al and physi
al meaning of the di�erent 
onstraints used for de�ning the BCs havebeen explained in the previous se
tion, the last task is to remove the indetermina
y ot the π 
oordinate, inorder to be able to solve the system pra
ti
ally. In this se
tion, we examine some possible appli
ations for thespe
i�
ation of the top BCs and the 
oordinate spe
i�
ation for hydrostati
 models in the mass 
oordinate π.9.5.1 Elasti
 top BCsElasti
 top with πT = pTA very natural and simple 
hoi
e is to relax the indetermina
y of π through (9.12) with the following expli
itspe
i�
ation:
π0(x, y, t) = 0 (9.16)This makes the de�nition of π unique. In this 
ase (and only in this 
ase) we have:
p(x, y, π, t) ≡ π, (9.17)For a pra
ti
al appli
ation, the most natural 
hoi
e for the elasti
 top BC is:

pT (x, y, t) = Const. = p00 (9.18)Hen
e, by 
ombining the elasti
 top BC and the 
oordinate origin spe
i�
ation, we 
an write :
πT (x, y, t) = p00. (9.19)The possibility to express dire
tly the elasti
 top BC in terms of a 
onstraint on πT is thus linked to theparti
ular fa
t that we have pT = πT for this parti
ular 
hoi
e of the origin of the 
oordinate π.As mentionned above, πs is then determined through (9.8) and φT through (9.14).Elasti
 top BC with πT = 0Another possibility to relax the indetermina
y of π is not to use (9.12), but to spe
ify the 
ondition:
πT (x, y, t) = 0 (9.20)Note: One more time, this 
hoi
e has no loss of physi
al generality with respe
t to the apparently wider 
hoi
e

πT (x, y, t) = Const. In parti
ular, this perfe
tly allows the des
ription of a verti
ally bounded atmosphere.The elasti
 top BC 
onsists in spe
ifying pT . Here also, the most natural 
hoi
e for a pra
ti
al appli
ation is:
pT (x, y, t) = Const. = p00 (9.21)In this 
ase, using (9.12), π0 is given by:

π0(x, y, t) = −p00 (9.22)It should be noted that in this 
ase the geopotential is given by:
φ− Φs =

∫ πs

π

RT (x, y, π, t)

π + p00
dπ (9.23)As in the previous 
ase, πs is then determined through (9.8) and φT through:68



φT − Φs =

∫ πs

0

RT (x, y, π, t)

π + p00
dπ (9.24)We see that if π00 is non-zero, the geopotential at top is bounded, thus allowing the des
ription of a boundedatmosphere even if πT = 0.9.5.2 Rigid top BCsRigid top BC with πT = pTWe return to the 
hoi
e of π through (9.12) with the following expli
it spe
i�
ation:

π0(x, y, t) = 0 (9.25)This makes the de�nition of π unique. In this 
ase we have:
p(x, y, π, t) ≡ π (9.26)For a pra
ti
al appli
ation, the most natural 
hoi
e for a rigid top BC is:

φT (x, y, t) = Const. = Φ00 (9.27)The two unknowns πT and πs are then determined by solving the system (9.8), (9.14). However, this systemis not easy to solve.Rigid top BC with πT = 0Here, we return to the possibility to relax the indetermina
y of π by the 
ondition (without loss of physi
algenerality):
πT (x, y, t) = 0 (9.28)The rigid top BC is spe
i�ed through:

φT (x, y, t) = Const. = Φ00 (9.29)In this 
ase, πs is determined through:
∂πs

∂t
= −

∫ πs

0

∇V dπ − Vs.∇πs (9.30)The above spe
i�
ation of πT = 0 impli
itly determines π0, through:
π0(x, y, t) = −pT (x, y, t), (9.31)and pT then be
omes an unknown of the system. The unknown pT is then determined by solving:

Φ00 − Φs =

∫ πs

0

RT (x, y, π, t)

π + pT
dπ (9.32)This equation is not easy to solve, but indeed easier than the system obtained in the previous subse
tion 9.5.2.69



9.5.3 Parti
ular 
ase of unbounded atmosphereIn the four approa
hes examined above, the parti
ular 
ase of an unbounded atmosphere is given by:
πT ≡ 0 (9.33)
pt ≡ 0 (9.34)
π0 ≡ 0 (9.35)

Φ00 ≡ ∞ (9.36)It should be also noti
ed that the unbounded atmosphere may be obtained as the limit 
ase of both rigidand elasti
 top BC. In this sense, the unbounded atmosphere is both rigid and elasti
. All these dis
ussionsbe
ome more or less trivial for an unbounded atmosphere.9.5.4 CommentsThe dis
ussions in the four subse
tion above demonstrate that the elasti
 BC involves a 
onstraint on thepressure �eld, while the unique determination of the 
oordinate involves a 
onstraint on the π �eld. Imposinga 
onstraint on the π �eld has fundamentally nothing to deal with an elasti
 
ondition but is just a ne
essarystep to remove the indetermina
y of the 
oordinate. This will remain true for NH models.On the other hand, imposing a rigid top BC is possible in the hydrostati
 Aladin, and this 
an be legitimatelydone even if a 
onstraint πT = const is imposed. In this 
ase, the true pressure at the top pT (x, y, t) be
omesan unknown of the system.9.6 Top and bottom BCs for NH ModelsFor a nonhydrostati
 model, there is no longer any possible dire
t relation between p, π and π0 as in (9.12)mainly be
ause (p − π) is no longer a "two dimensional" �eld (i.e. depending only on the 
olumn and thetime). The full-determination of π0, instead of being introdu
ed via a fully-determined link between p, π and
π0 will in pra
ti
e have ne
essarily to take another form.Sin
e the 
ontinuity equation is un
hanged, we still have (9.8). However, (9.14) has to be repla
ed by:

φT − φs =

∫ πs

πT

RT

p
dπ (9.37)We are now in position to 
on
eptually introdu
e physi
al top and bottom BCs. As for the hydrostati
 system,the bottom BC is imposed as "rigid" while the top boundary 
an be 
hosen as "rigid" or "elasti
".Rigid bottom BCsFor the bottom BC, we restri
t ourselves to a rigid BBC, as traditionally in meteorology:

φs = Φs(x, y) (9.38)where Φs(x, y) is an expli
itly spe
i�ed fun
tion of the horizontal (the model orography). Compared to thehydrostati
 
ase, this 
onstraint has an additional 
onsequen
e, sin
e it imposes also a 
onstraint on theverti
al a

eleration at the bottom.
ẇs = Vs.[∇(Vs.∇Φs)] (9.39)with the following 
onsequen
e on the pressure �eld at the bottom:70



[
∂πP

∂π

]

s

= −Vs.[∇(Vs.∇Φs)] (9.40)The rigid BBC is used under this latter form in Aldin-NH, for the verti
al momentum equation.Rigid top BCsThe 
hoi
e of a rigid top BC is not very natural for models formulated in mass-type 
oordinate, but it 
ouldperfe
tly be retained. In this 
ase, the top BC would write:
• φT = ΦT (x, y)where ΦT (x, y) is an expli
itly spe
i�ed fun
tion of the horizontal (usually a pure 
onstant). In this 
ase, πsand πT will be fun
tions of both spa
e (x, y) and time t. Similarly to the hydrostati
 
ase, they will have tobe determined by solving the system formed by (9.8), (9.37), after an expli
it spe
i�
ation of π0. Here also,solving this system is di�
ult and not very natural. A relationship similar to (9.40) would have to be appliedat top for the verti
al momentum equation.Elasti
 top BCsThe elasti
 top BC writes:
• pT = pT (x, y)where pT (x, y) is an expli
itely spe
i�ed fun
tion of the horizontal (usually a pure 
onstant). This 
an berewritten in terms of P :
• PT (x, y, t) =

pT (x, y)
πT (x, y, t)

− 1The �elds πs(x, y, t) and πT (x, y, t) are obtained by solving the system formed by (9.8) altogether with theexpli
it spe
i�
ation of π0.The top geopotential φT is then given by (9.14).9.7 Pra
ti
al appli
ations for NH modelsNow that the mathemati
al and physi
al meaning of the di�erent 
onstraints used for de�ning the BCs havebeen explained, the last task is to remove the indetermina
y ot the π 
oordinate, in order to be able to solvethe system pra
ti
ally. In this se
tion, we examine some possible appli
ations for the spe
i�
ation of the topBCs and the 
oordinate spe
i�
ation for non-hydrostati
 models in the mass 
oordinate π.9.7.1 Elasti
 top B
sElasti
 top with πT = pTFor a pra
ti
al appli
ation, the most natural 
hoi
e for the elasti
 top BC is:
pT (x, y, t) = Const. = p00 (9.41)A very natural and simple 
hoi
e is then to spe
ify π0(x, y, t) in su
h a way that:
πT (x, y, t) = pT = p00 (9.42)This makes the de�nition of π unique. Then, πs is determined through (9.8) and φT through (9.14).71



Elasti
 top with πT = 0The elasti
 top BC is still spe
i�ed by:
pT (x, y, t) = Const. = p00 (9.43)Another natural and simple 
hoi
e is then to spe
ify π0(x, y, t) in su
h a way that:

πT (x, y, t) = 0 (9.44)This makes the de�nition of π unique. Then, πs is determined through (9.8) and φT through (9.14).Note: This approa
h has no loss of physi
ally generality with respe
t to the one examined in the previoussub-se
tion.9.7.2 Rigid top BCsRigid top with πT = π00For a pra
ti
al appli
ation, the most natural 
hoi
e for a rigid top BC is:
φT (x, y, t) = Const. = Φ00 (9.45)For determining the 
oordinate π, a simple solution is to 
hoose π0 in su
h a way that:

πT (x, y, t) = π00 (9.46)This makes the de�nition of π unique. Then, πs is determined through (9.8) and φT through (9.14).Rigid top with πT = 0For a pra
ti
al appli
ation, the most natural 
hoi
e for a rigid top BC is:
φT (x, y, t) = Const. = Φ00 (9.47)For determining the 
oordinate π, another simple solution is to 
hoose π0 in su
h a way that:

πT (x, y, t) = pi00 (9.48)This makes the de�nition of π unique. Then, πs is determined through (9.8) and φT through (9.14).9.7.3 CommentsN.B: The 
onstraint (9.42) does not mean physi
ally in any way that the pressure is hydrostati
 at the top!It simply stipulate that the origin of the 
oordinate is lo
ated in su
h a way that for the surfa
e lo
ated at
πT , the pressure is given by pT .Another 
onsequen
e is that it seems perfe
tly legal to use 
oordinate spe
i�
ation su
h as πT (x, y, t) = const,altogether with a rigid top BC (zT = const). This 
ombination does not mean in any sense that we are mixinga rigid BC with an elasti
 BC, be
ause πT (x, y, t) = const simply represent the de�nition of the 
oordinateorigins, and has no physi
al meaning. 72



9.8 Case of Aladin-NHIn Aladin-NH an elasti
 top BC is 
hosen. In the 
urrent version, the restri
tive hypothesis of an unboundedatmosphere (pT = 0) is made. The impli
ations of this hypothesis in the verti
ally-dis
retized model are �rstdrawn. Then the possibility to extend the framework of Aladin-NH to a bounded atmosphere (still with anelasti
 top BC) is explored.9.8.1 Current version of Aladin-NHIn the 
urrent version, the hypothesis of a verti
ally unbounded atmosphere is made. This implies:
pT = 0 (9.49)However, we also have:
πT = 0 (9.50)This latter 
ondition makes that π is equal to the hydrostati
 pressure (sin
e the magnitude g of the gravitationve
tor is assumed uniform).Mathemati
ally speaking, P is indetermined at top, sin
e (p − π) and π both vanish at top. However,

πP = (p− π) is perfe
tly determined at top.The top BC of Aladin-NH is introdu
ed by spe
ifying the shape of the L(P) operator at the �rst level, thatis [L(P)]1, in the verti
al momentum equation. The 
urrent formulation is given by:Hen
e the top BC writes:
[L(P)]1 =

1

δ1

[
π2P2 − π1P1

π2 − π1
−
π1P1 − (πP )̃

0

π1 − π̃
0

] (9.51)
⇒

[L(P)]1 =
1

δ1

[
π2(P2 − P1)

π2 − π1

] (9.52)These forms are the ones whi
h are used in aladin-NH, as explained in the 
hapter on verti
al dis
retisation.9.8.2 Verti
ally bounded version of Aladin-NHHere we explore the possibility to extend the 
urrent verti
ally unbounded version of Aldin-NH to verti
ally-bounded atmospheres. In this 
ase we 
hoose the simplest elasti
 top BC:
pT = p00 (9.53)where p00 is a pure positive 
onstant. Choosing the origin of the π 
oordinate (π0) so as:
πT = p00, (9.54)then we have at top:

pT − πT = 0. (9.55)Hen
e:
(πP)T = 0, (9.56)73



and the 
urrent top BC is thus still valid: the 
urrent form of the Lapla
ian operator at top is still valid sin
eit just makes use of the value of (πP) at top, and this value is un
hanged.9.8.3 SummaryFinally, the 
urrent verti
ally unbounded version of Aladin-NH 
an be readily extended to a verti
ally-boundedversion with an elasti
 top BC at the pressure p00, by simply spe
ifying the values of the hybrid 
oordinate attop as being:
BT = 0 (9.57)
AT = p00 (9.58)

74



Chapter 10Appendix C: Impa
t of the AdditionalTridiagonal Matrix T
∗

(19/11/2003)WARNING: The text of this 
hapter is provisional10.1 Introdu
tionIt has been seen in Chapter 4 that the major di�eren
e between the time-
ontinuous spa
e-
ontinuous (3.34)and the time-
ontinuous spa
e-dis
retized (4.7) stru
ture equations is the appearan
e of the T∗ operator inthe LHS of (4.7). The pra
ti
al impa
t of this formal dis
repan
y between the spa
e-
ontinuous and thespa
e-dis
retised evolutions is examined here.Two approa
hes will be used to examine this impa
t:- analyti
 approa
h in simpli�ed 
ase- matri
al approa
h in pra
ti
al 
ases.10.2 Analyti
 approa
hGeneral dis
ussion about the impa
t of T∗ 6= I is rather 
ompli
ated, and it is quite impossible to draw any
on
lusion in the general 
ase. However, some insight 
an be gained by examining analyti
ally the impa
t ofthis 
hange in simpli�ed frameworks.The following hypotheses will be progressively applied in the remaining of this se
tion:- The mixed 
hara
ter of fast modes (gravity/elasti
) is ignored and fast modes are 
onsidered as eitherpure-gravity of pure-elasti
 modes.- The ex
eptions of the matrix elements at the top and bottom boundaries of the domain are ignored(this equivalent to examining the behaviour of a verti
ally-unbounded system).- The verti
al resolution (δzl) is arbitrarily thin, thus we have δl = δzl/H where H is the 
hara
teristi
height of the atmosphere, assumed 
onstant.- The verti
al resolution (δz) is regular. Hen
e δl = δ = δz/H75



The time-
ontinuous spa
e-dis
retised stru
ture equation (4.7) already 
ontains the modi�
ation brought bythe fa
t that T∗ 6= I. The wave propagation is thus a�e
ted even in the time-
ontinuous 
ontext. The analyti
approa
h in this se
tion �rst assumes a time-
ontinuous 
ontext, then the impa
t on expli
it and semi-impli
itintegrations is examined.10.2.1 pure waves hypothesisStarting from the time-
ontinuous spa
e-dis
retised stru
ture equation (4.7) the hypothesis of pure modesallows to know whi
h fast modes are most likely to be a�e
ted by the modi�
ation T∗ 6= I. Hen
e we assumehere that elasti
 and gravity modes 
an be 
onsidered as pure modes instead of mixed modes. The stru
tureequation for the pure elasti
 modes writes:
[
−

1

c2
∗

∂4

∂t4
+
∂2

∂t2

(
m2

∗
∆′ +

L∗

rH2
∗

)]
d = 0 (10.1)Hen
e, the pure elasti
 waves will not be a�e
ted by the approximation sin
e the propagation equation forthese modes does not involve the last term of the 
omplete stru
ture equation.On the other hand, the pure gravity waves propagation is likely to be a�e
ted. For gravity modes, thespa
e-dis
retised stru
ture equation writes:

[
∂2

∂t2

(
m2

∗
∆′ +

L∗

rH2
∗

)
+
N2

∗

r
T∗m2

∗
∆′

]
d = 0 (10.2)Hen
e the propagation of pure gravity modes is likely to be a�e
ted by the modi�
ation. The gravity-modesare hen
e the only fast modes that are likely to be a�e
ted by the modi�
ation.In addition, it should be noted that the se
ond 
onstraint (C2) in equation (4.2) is involved only when onetries to perform the elimination of variables in order to determine the propagative properties of the allowed�fast" modes. The propagation of other �slow" modes (Rossby modes, �Lagrangian" perturbations embeded inthe �ow...) does not dire
tly involve the fa
t that (C2) is ful�lled or not. In this point of view, the propagativeproperties of the slow-wave or non-wave pro
esses is not likely ro be a�e
ted by the modi�
ation T∗ 6= I.10.2.2 Unbounded atmosphere and high resolution hypothesesThe unbounded atmosphere and high resolution hypotheses allow to determine whi
h are the gravity-modesthat are likely to be the most a�e
ted by the modi�
ation T∗ 6= I.The diagonal term of the Q∗ matrix 
an be rewritten as:

(δ∗l − 2α∗

l ) =

(√
π∗

l̃
−
√
π∗

l̃−1

)2

√
π∗

l̃−1
π∗

l̃

=
δπ∗2

l

√
π∗

l̃−1
π∗

l̃

(√
π∗

l̃
+
√
π∗

l̃−1

)2 =
δ∗2l

4

2

1 +
√

1 + (δ∗2l /4)We see that all elements of the diagonal matrix Q∗ are positive (or zero for Q∗

(1,1) but this is ignored due tothe verti
ally unbounded atmosphere hypothesis) and smaller than δ∗2l /4. When the resolution be
omes thinenough, the latter expression tends (at the se
ond-order) toward its 
ontinuous 
ounterpart :
(δ∗l − 2α∗

l ) ≃ δ∗2l /4Similarly, at the limit of high verti
al resolutions, the internal expression of the L∗ matrix be
omes:
A∗

l = C∗

l = −B∗

l /2 = 1/δ∗2l76



when the resolution in
reases, we 
an write for the matrix T∗ :
T∗ −→ I +

δ2l
4

L∗ (10.3)Similarly we 
an write:
T∗ −→ I +

1

4
D∗

2 (10.4)where D∗

2 is the 
anoni
al se
ond order �nite-di�eren
e (tridiagonal and symmetri
) operator whose internalrow is (0 ... 0, 1, -2, 1, 0 ... 0).Hen
e T∗ is a 3-points average operator whose internal row is (0 ... 0, 0.25, 0.5, 0.25, 0 ... 0). It 
an beseen from (10.3) that for a given verti
al fun
tion, when the verti
al resolution in
reases arbitrarily, the e�e
tof the T∗ matrix tends toward the e�e
t of the identity operator. The error (T∗ − I) is of the se
ond-orderin δ. This property is usually expressed by: "the T∗ operator 
onverges towards the identity operator withse
ond-order a

ura
y in spa
e". Hen
e the appearan
e of the T∗ operator in the stru
ture equation doesnot violate the part of general program of Aladin-NH whi
h aims to maintain at least a se
ond-order overalla

ura
y in time and spa
e (see se
tion 1.1).However, determining the modi�
ation of the spatial stru
ture and the frequen
y of normal modes is not trivialsin
e the eigenmodes of T∗ and Q∗ in (10.2) are not ne
essarily identi
al. The problem 
onsists in �ndingeigenvalues ω and eigenve
tors d su
h as the following equation is veri�ed:
{(
ω2 −N2

∗

)
k2 −

[
L∗

H2
∗

(
ω2 +N2

∗
H2

∗
k2Q∗

)]}
d = 0This problem 
annot be analyti
ally solved in the general 
ase. The only way to 
ome ba
k to a 
lassi
al(and analyti
ally tra
table) eigenmode problem is to assume a s
alar matrix for Q∗. This 
an be a
hieved byassuming a 
onstant verti
al resolution and still unbounded atmosphere.10.2.3 Time-
ontinuous propagation for 
onstant verti
al resolutionAssuming a 
onstant verti
al resolution allows to determine how the propagation of fast gravity modes will bemodi�ed by the T∗ matrix 
ompared to the exa
t 
ase T∗ = I.If the verti
al resolution is 
onstant, then H∗δl = δzl is a 
onstant H∗δ = δz and the Q∗ matrix isbe
omes a s
alar matrix (in an unbounded atmosphere). Here we will assume that the verti
al resolution isthin enough so that its diagonal values are δ2/4 = (δz/2H∗)

2. In this 
ase, the determination of the normalmode of the modi�ed system be
omes a 
lassi
al eigenmodes problem. The normal modes of the modi�edsystem (with T∗ 6= I) have then the same verti
al stru
ture as for the exa
t system (with T∗ = I). Thisverti
al stru
ture is in fa
t the one of the eigenve
tors of the L∗ operator. Let (−n2) be the eigenvalueasso
iated with a given eigenmode of L∗/H2
∗
. The dispersion equation for this mode is thus:

(
ω2 −N2

∗

)
k2 + n2

(
ω2 +N2

∗
H2

∗
k2δ2/4

)
= 0Finally, for a given spatial stru
ture (k, n), the time-
ontinuous frequen
y is:

ω2
c =

N2
∗
k2

k2 + n2

(
1 −

n2H2
∗
δ2

4

) (10.5)where the subs
ript "c" outlines the fa
t that this frequen
y is for the time-
ontinuous system.We re
ognize the 
lassi
al pure gravity wave time-
ontinuous frequen
y equation, but modi�ed by the fa
torin the RHS parenthesis, whi
h appears due to the modi�
ation. This fa
tor is 
lose from 1 for long modes,but de
reases for short modes. For the shortest (2δz) mode, we have D∗

2 = −4I, hen
e:77



L∗ = D∗

2/δ
2 = −(4/δ2)Iand:

n2
max =

4

δ2H2
∗Finally, for this shortest (2δz) mode, the fa
tor in parentheses in (10.5) vanishes. The frequen
y (and also thephase and group velo
ities) of short gravity-modes is thus de
reased in the 
ase T∗ 6= I 
ompared to the 
ase

T∗ = I, espe
ially for the shortest verti
al modes, while the propagation of long modes is not signi�
antlymodi�ed. However, sin
e no imaginary part appears in the frequen
y ωc, the modi�
ation will not generateamplitude errors (instability or damping).At this point, the situation is thus as follows:- Slow modes are not likely to be a�e
ted.- Elasti
 modes are not likely to be a�e
ted- Long gravity-modes are not likely to be a�e
ted.- The only modes likely to be a�e
ted are the shortest gravity-modes.10.2.4 Time-dis
retised expli
it propagation for 
onstant verti
al resolutionThe non-linear model is designed with formally the same verti
al operators L, G, S and N as the linear ones,as seen in se
tion 4.4. If we 
onsider a stationnary state similar to the state used in the SI linear system,and we assume the model to be integrated expli
itly, small perturbations will behave like in the previous time-
ontinuous analysis, but with the eigenvalues of the non-linear operators. Hen
e, even in the 
omplete modelintegrated expli
itly, the short-gravity waves would have a distorted propagation.Sin
e the 
ontinuous phase speed is redu
ed, the stability 
riterion of the time s
heme would hopefully notbe
ome more stringent for the expli
it system than in the 
ase T∗ 6= I.10.2.5 Time-dis
retised semi-impli
it propagation for 
onstant verti
al reso-lutionIn a similar way as in the time-
ontinuous 
ase, the verti
al operators 
an be grouped in the Helmholtz equationof the time-dis
retised semi-impli
it s
heme:
[
1 − ∆t2c2

∗

(
∆′ +

L∗

H2
∗

(
1 + ∆t2N2

∗
H2

∗
∆′Q∗

))
− ∆t4N2

∗
c2
∗
∆′

]
d+ = d•• (10.6)As in the time-
ontinuous 
ase, the propagation of gravity-waves will only be a�e
ted. Some gravity-modewill moreover not be a�e
ted, provided that:

∆t2N2
∗
H2

∗
k2Q∗ ≪ ISin
e Q∗ is a diagonal matrix whose magnitude tends towards δ2/4 when the verti
al resolution in
reases, itsimpa
t will therefore be
ome negligible if ∆tN∗H∗k δ/2 ≪ 1. Using H∗δ = δz for the physi
al depth of thelayers, the 
ondition writes:

k ≪
2

N∗ ∆t δz78



For the shortest horizontal modes the propagation of the gravity waves will be a�e
ted by the modi�
ation,while for longer horizontal modes, the propagation is not likely to be a�e
ted.Sin
e the semi-impli
it system is still linear, the SI dispersion equation is still given by the general expression:
ωSI∆t = arctan (ωc∆t)where ωc is given by (10.5), and ωSI is the frequen
y for the semi-impli
it s
heme. Therefore, the pure semi-impli
it linear system still is un
onditionally stable. For those modes whi
h propagation is modi�ed by theapproximation, the modi�
ation still 
onsists in de
reasing the propagation velo
ities by a fa
tor linked to the
on
erned eigenvalue of T∗. Nevertheless, the modi�
ation appears to be of the same kind as the one broughtby the SI treatment, i.e. it 
onsists in adding an extra dispersivity to the natural 
ontinuous one. Finally, theexpe
ted impa
t of the modi�
ation is rather weak and should be overshaded by the impa
t of the SI s
hemeitself.10.3 Matri
al approa
hIn the parti
ular 
ases examined above, the Q∗ matrix is s
alar and the propagation of the fast modes 
ouldbe examined analyti
ally be
ause the spatial stru
ture of the mode was not 
hanged and only their frequen
ywas modi�ed. For a general dis
retisation, it is impossible to theoreti
ally determine the propagation of thefast modes. However, for any given verti
al dis
retisation, the propagation 
an be studied numeri
ally.Drawing from the previous se
tion, the points whi
h are important to be 
he
ked numeri
ally are then:- The positiveness of the eigenvalues of T∗ (negative eigenvalues would lead to instability).- The modi�
ation of the pure gravity-modes frequen
ies (in parti
ular for the shortest ones).- The modi�
ation of the verti
al stru
ture of the normal modes (in parti
ular for the shortest ones).In the following, these points are 
he
ked for the 
urrent operational L41 dis
retization of ARPEGE/Aladin.The eigenvalues of T∗ for the operational L41 verti
al dis
retisation are depi
ted in Fig. ??? sorted inde
reasing order. They are all real and positive, hen
e there is no amplitude error (the s
heme is not amplifyingor damping). In fa
t, sin
e the diagonal element of Q∗ is smaller than δ2l /4, it 
an be intuitively anti
ipatedthat the eigenvalues of T∗ will always be positive. However, this has not been positively demonstrated so far.gravity-modes frequen
ies (to be written)verti
al stru
ture of the normal modes (to be written)10.4 SummaryThe impossibility to ful�l the se
ond 
onstraint leads to a modi�
ation of the propagation of the gravity waves.Altough the verti
ally-dis
retised system does not formally 
onverge towards the 
ontinuous one as the verti
alresolution in
reases, this 
an be 
onsidered as not important for the model for the following reasons:- The stability of the model is not endangered- The modi�
ation does not involve the slow part of the �ow but only the fast modes.- The large majority of the waves are not signi�
antly a�e
ted- For those waves whi
h are a�e
ted, the modi�
ation is not dramati
, it only 
onsists in an additionaldispersivity probably overshaded by the intrinsi
 dispersivity of the semi-impli
it s
heme.- The waves whi
h play a meteorologi
al role are not signi�
antly a�e
ted by the modi�
ation.79



- In any 
ase, it should never be forgotten that the overall meteorologi
al importan
e of fast wave isalways assumed to remain weak in a NWP model
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