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X-2 CALONNE ET AL.: HEAT AND MASS TRANSFER WITH CONVECTION

Appendix: Asymptotic analysis - Case B1

Taking into account the order of magnitude of the dimensionless numbers in the Case
BL, [F1] = O([FY]) = O(F2) = O(), [Re] = O ([Pe]) = O([Pe’]) = O(c),
Q= O (), N] = O (), [M] = O(2), [K] = 0 (1), [H] = O (2),[W] = O (c2), the

dimensionless microscopic description (Equations (13)-(22)) becomes:

epiva - grad® vy* = piA*v,* — e 'tgrad*p; in Q, (B.1)
diviv," =0 1in §, (B.2)
oT;

52pr’i*8—ti —div*(k;grad™T}) =0 in §; (B.3)

2 * *8T; * Yk * * ik s % * * Tk .
e paCh 5 +epCivy” - grad™ T — div'(kigrad™T) =0 in Q, (B.4)
& o +evy” - grad® p; — div'(Djgrad®p;) =0 in (), (B.5)
pi(e*w* —vy*) -nt = —epiw*-n" onT (B.6)
va'-tt =0 onT (B.7)
Tr=T" onT (B.8)
kigrad*T; -n' — kigrad*T - n' = e Li,w"- n" onT (B.9)
Digrad*p:-n' =&’pw*-n" onT. (B.10)

This set of equations is completed by the Hertz-Knudsen equation and the Clausius

Clapeyron’s law, Eq. (11) and (12), expressed in dimensionless form as:

1 * _ * T*
w:;:w*-nr:— {W—dﬂ(*} onT (B.11)
gL pis(Ty)
L m* 1 1
* (T = refx Tref* 59 - B.12
pvs( a) Pus ( )eXp |: pjk* (Tref* T;>:| ( )

Note that the steady air flow equation is here written using the Laplacien symbol to shorten the equations length
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CALONNE ET AL.: HEAT AND MASS TRANSFER WITH CONVECTION X-3

Fluid flow

Introducing asymptotic expansions for vi and p’ in the relations (B.1) gives at the
lowest order ¢!

grad,. p;¥ =0 inQ, (B.13)

*(0)<

where the unknown p, "’ (x*,y*) is y*-periodic. It can be shown [Auriault et al., 2009]

that this relation implies that:

2 =90 (x). (B.14)

At the first order, the pressure is independent of the microscopic dimensionless variable
y*, i.e. constant over a period or REV. Taking into account these results, equations (B.1,

B.2, B.7, B.6) of order ° give the following second-order problem:

piA v — grad,. pilY — grad,. p;” =0 in Q, (B.15)
div,- va* @ =0 in Q, (B.16)

va'@ . tF =0 onT (B.17)

voa'@.nT'=0 onT (B.18)

where vz(l)(x*,y*) and pz(l)(x*,y*) are the y*-periodic unknowns, which represent re-

spectively the fluid velocity and the pressure fluctuation in a REV induced by a given

(0) *(1)

macroscopic gradient of pressure grad,.p, . It can be shown that v,*® and p;"’ are

linear functions of grad, *pa , and that p, M i expressed modulo an arbitrary function

Pl (x*) [Auriault et al., 2009]:
PV y") = b (y") - grad,p® + 50 (x") (B.19)

viO(x*, y*") = k*(y") - grad,.p;” (B.20)
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X-4 CALONNE ET AL.: HEAT AND MASS TRANSFER WITH CONVECTION

where k*(y*) is a second order tensor and b*(y*) is a y*-periodic vector and average
zero over the REV, (b*) = 0. This latter condition ensures the uniqueness of b*. b*
characterizes the fluctuation of pressure at the pore scale induced by the macroscopic
gradient. Introducing (B.19) and (B.20) in the set (B.15)-(B.17), the tensor k*(y*) and

vector b*(y*) are solution of the following boundary value problem in a compact form:

toAyk* —grad,. b* —I=0 inQ, (B.21)
grad,. k=0 in (), (B.22)
k"=0 onTl (B.23)

At the next order, equations (B.2, B.7, B.6) are written:

div,e va @ + div, vo* D =0 in Q, (B.24)
va'W . tT' =0 onT (B.25)
pivy M onl = —prw*©@ . nT onT (B.26)

where the unknown V2(1)<X*, y*) is y*-periodic. Integrating equation (B.24) over {2, and
then using the divergence theorem, boundary condition (B.26) and the periodicity condi-

tion, the dimensionless macroscopic mass balance takes the form

div,- ((v:)) 4 ( — p—) SSAy wi® =0 (B.27)
P
where
Keff*
(vi©) = ———grad,. p;"” (B.28)
I
1
K= — [ kdQ. (B.29)
€ Jo,
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CALONNE ET AL.: HEAT AND MASS TRANSFER WITH CONVECTION X-5

and w;” (x*,y*,t) is the normal interface velocity at the zero order due to the phase
change given by the Hertz-Knudsen equation (B.67) and the Clausius Clapeyron’s law
(B.66).
Heat transfer

Introducing asymptotic expansions for 77 and 7" in the relations (B.3, B.4, B.8, B.9)

gives at the lowest order £

divy*(kafgrady*Ti*(o)) =0 in¢y (B.30)
divy-(rigrad,, . T;) =0 in Q, (B.31)

77O =7 onT (B.32)
(nfgrady*ﬂ*(o) — /ﬁZgrady*T;(o)) " =0 onT (B.33)

where the unknowns TZ»*(O) (x*,y*,t) and T, © (x*,y*,t) are y*-periodic. It can be shown
[Auriault et al., 2009] that the obvious solution of the above boundary value problem is
given by:

T = 720 = 7+O)(x* ¢). (B.34)

)

At the first order, the temperature is independent of the microscopic dimensionless vari-
able y*, i.e. we have only one temperature field. Taking into account these results,

equations (B.3, B.4, B.8, B.9) of order ¢ give the following second-order problem:

divys (k] (grady*T:( )+ grad,.T*)) =0 inQ; (B.35)
div,-(r;(grad,.T;V + grad,,.7")) =0 in Q, (B.36)
7 =70 onT (B.37)

(K] (grady*T:( +grad,. 7)) — Z(grady*T;(l) +grad,.7"?)).n" =0 onT (B.38)
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X-6 CALONNE ET AL.: HEAT AND MASS TRANSFER WITH CONVECTION

where the unknowns T:(D (x*,y*,t) and T}, W (x*,y*,t) are y*-periodic and the macroscopic
gradient grad_.T* is given. The solution of the above boundary value problem appears
as a linear function of the macroscopic gradient, modulo an arbitrary function T*(l)(x*, t)

[Auriault et al., 2009]:
TV (xy" 1) = ti(y") - grad,. 7 + T (B.39)

TV (x*, y*, 1) = ti(y") - grad,. T*© 4 T;® (B.40)

a

where tf(y*) and t}(y*) are two periodic vectors which characterize the fluctuation of
temperature in both phases at the pore scale. Introducing (B.39) and (B.40) in the set
(B.35)-(B.38), these two vectors are solution of the following boundary value problem in

a compact form:

divy(x;(grad,.t; +1)) =0 in (B.41)
divy (s, (grad,.t; + 1)) =0 in Q, (B.42)
t:=t> onl (B.43)
(ki(grad,.t; +I) — k}(grad,.t; +I)) - n" =0 onT (B.44)
1
o | eaa—o (8.45)
9] Jo

This latter equation is introduced to ensure the uniqueness of the solution. Finally, the

third order problem is given by the equations (B.3, B.4, B.8, B.9) of order &%

oT*©)
piCi

o divy*(ﬁf (grady*ﬂ*@) + gradx*Ti*(l) ))

—div,- () (grad,. ;" + grad,. 7*?)) =0 in Q (B.46)

o917+
p.Cq
ot*

+ p:Cvi O . (grad,. T + grady*T;(l))
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CALONNE ET AL.: HEAT AND MASS TRANSFER WITH CONVECTION X-7
—divy- (r, (grad,. T:® 4 grad,. T*M)) — div,- (s .(grad, T pgrad,.T*9) =0 inQ,
(B.47)

T =T onT (B.48)

(2 a

(n;‘(grady*ﬂ*@) +grad,. T/") — r;(grad,. T, + grad,.T;M)) -n" = L7 w;” onT

(B.49)
where the unknowns TZ-*(2) (x*,y*,t) and T (x*,y*,t) are y*-periodic, vi© (x*,y*,t) is
given by the equation (B.20) and verifies the relations (B.16) — (B.18), and wil® (x*, y%, 1)
is the normal interface velocity at the zero order due to the phase change given by the
Hertz-Knudsen (B.67) and the Clausius Clapeyron’s law (B.66). Consequently, integrating
(B.46) over €; and (B.47) over Q,, and then using the divergence theorem, the period-

icity condition, and the boundary conditions (B.49) lead to the first order dimensionless

macroscopic description for the heat transfer:

oT*0)

eff
(pC) e

4, Ci(viO) - grad,. " — div,- (k*Tgrad,. T*©) = SSAy L; w;
(B.50)
where SSAy = |T'|/|2] is the specific surface area, (pC)*®* and k°®* are the dimension-

less effective thermal capacity and the effective dimensionless conductivity respectively,

defined as:
(pC)™ = (1 — 9)pC; + ¢piCi (B.51)
1
ke = 9] (/ Ky (grad,.t;(y*) + I)dQ +/ K; (grad,.t; (y") + I)dQ> (B.52)
Qa Q;

where ¢ is the porosity.

Water vapor transfer
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X-8 CALONNE ET AL.: HEAT AND MASS TRANSFER WITH CONVECTION

Introducing asymptotic expansions for p} in the relations (B.5, B.10) gives at the lowest
order (¢°)

div,-(D,grad, PO =0 inQ, (B.53)
Digrad,.p;” -n" =0 onT. (B.54)
where the unknown p;'” (x*,y*,¢) is y*-periodic. It can be shown [Auriault et al., 2009

that the solution of the above boundary value problem is given by:

Py = 0 (x", ). (B.55)

At the first order, the water vapor density is independent of the microscopic dimensionless
variable y*. Taking into account these results, the second-order problem is given by the

equations (B.5, B.10) of order e:
div,-(D;(grad,.p;" + grad,.p;®)) =0 in Q, (B.56)

D;(grad, Y fgrad,.pr@).n" =0 onT. (B.57)
where the unknown p:j(l)(x*, y*,t) is y*-periodic and the macroscopic gradient gradx*pz(o)

is given. The solution of the above boundary value problem appears as a linear function of

the macroscopic gradient, modulo an arbitrary function ﬁ;(l)(x*, t) [Auriault et al., 2009]:

PV (x*, y* 1) = gi(y*) - grad,.pr” 4 5tV (x* 1) (B.58)

where g*(y*) is a periodic vector which characterizes the fluctuation of water vapor density
in the air phase at the pore scale. Introducing (B.58) in the set (B.56)-(B.57), this vector

is solution of the following boundary value problem in a compact form:
divy-(D;(grad,.g, +1)) =0 in €, (B.59)

D;(grad,.g,+1I)-n" =0 onT (B.60)
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CALONNE ET AL.: HEAT AND MASS TRANSFER WITH CONVECTION X-9

1

This latter equation is introduced to ensure the uniqueness of the solution. Finally, the

third order problem is given by the equations (B.5, B.10) of order &%

op."”
gt* +v:O0 . (grad,.pr® + grad, WY — div,- (D? (grad, 0  grad,. pi@))
—div,«(D; (grady*pj(l) +grad,.p;M)) =0 inQ; (B.62)
D;(grad, 0 grad,.pr@) 0" = prwi@ onT (B.63)

where the unknown pi® (x*,y*, 1) is y*-periodic, vi© (x*,y*,t) is given by the equation
(B.20) (and verifies the relations (B.16) and (B.18)) and and wil? (x*,y*,t) is the normal
interface velocity due to the phase change at the zero order given by the Hertz-Knudsen
equation (B.67) and the Clausius Clapeyron’s law (B.66). Integrating (B.62) over 2,, and
then using the divergence theorem, the periodicity condition, and the boundary conditions
(B.63) lead to the first order dimensionless macroscopic description for the water vapor

transfer:

ap:‘)(o)
ot

¢ +(v:Oy . grad . p*© — div,. (D*fgrad,.p:¥) = —SSAy prw:® (B.64)

where SSAy = |T'|/|Q| is the surface area and D** is the dimensionless effective diffusion
tensor defined as:

Deff* — |Q|/ D;(grad,. g,(y") +1)dQ (B.65)

Expression of w*©
The asymptotic analysis for the the Clausius Clapeyron’s law and the Hertz-Knudsen

equation are presented in Calonne et al. [2014]. They obtained

* refx (rrefx L: m* 1 1
pvg )<T (© )> = Pu sf (T ! )exp |: pfk* (Tref* B T*(O)>:| (B66)
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X-10 CALONNE ET AL.: HEAT AND MASS TRANSFER WITH CONVECTION

«(0) _ +(0) (rre(0)

1 v VS T

w0 = Lo = oo () g (B.67)
oL (o)

The relations (B.67) and (B.66) show that the normal velocity wi” arising in the bound-

ary conditions (B.49) and (B.63) does not depend on y*.
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CALONNE ET AL.: HEAT AND MASS TRANSFER WITH CONVECTION X-11

Appendix: Asymptotic analysis - Case C1

Taking into account the order of magnitude of the dimensionless numbers in the Case
C1, [F] = O([F{]) = O([F]) = O(e), [Re] = O ([Pe"]) = O([Pef]) = O (1), [Q] =
O@E™), Nl = 0(™), M| = O(), K] = O(1),[H] = O(e*),[W] = O(e?), the

dimensionless microscopic description (Equations (13)-(22)) becomes:

piva® - grad* vy = piA*v,* — e lgrad*p; in Q, (C.1)
div'v,* =0 in Q, (C.2)
oT;

52pr’i*8—ti —div*(k;grad™T}) =0 in §; (C.3)

2 % *aT; * vk * * vk cox * * ik -
e“p.C 5 + paCovy” - grad® T — div*(k;grad™l;) =0 in Q, (C4)
& o + v, - grad® p; — div*(D;grad*p;) =0 in Q, (C.5)
pi(E*wW* —v,*) - n" = —epiw*-n" onT (C.6)
va'-tt =0 onT (C.7)
Tr=T" onT (C.8)
kigrad*T; -n' — kigrad*T - n' = e Li,w"- n" onT (C.9)
Digrad*p:-n' =&’piw*-n" onT. (C.10)

This set of equations is completed by the Hertz-Knudsen equation and the Clausius

Clapeyron’s law, Eq. (11) and (12), expressed in dimensionless form as:

L [py — pys(Ty)
w;:w*-nrz— v v ar  JfK*| onT C.11
EE [ pis(T7) " ey
Lt m* 1 1
* (T = refx Tref* 59 - C.12
pvs( a) Pus ( )eXp |: pjk* (Tref* T;>:| ( )

Here again, note that the steady air flow equation is written using the Laplacien symbol to shorten the equations length
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X-12 CALONNE ET AL.: HEAT AND MASS TRANSFER WITH CONVECTION

Fluid flow

As in the case Bl, introducing asymptotic expansions for v and p; in the relations

(C.1) gives at the lowest order e~

grad,. p;” =0 in Q,, (C.13)

*(0)<

where the unknown p, "’ (x*,y*) is y*-periodic. It can be shown [Auriault et al., 2009]

that this relation implies that:

*(0)

2 = p;O(x"). (C.14)

At the first order, the pressure is independent of the microscopic dimensionless variable
y*, i.e. constant over a period or REV. Taking into account these results, equations (C.1,

C.2, C.7, C.6) of order €° give now the following second-order problem:

A v, O — grad,. i —grad,. p;¥ = piv,*© grad. v,* O in Q, (C.15)

div, voa*» =0 in Q, (C.16)

vo @ tT=0 onT (C.17)

vo'@.nT =0 onT (C.18)

where vi") (x*,y*) and pz(l)(x*,y*) are the y*-periodic unknowns. By contrast to the

Case Bl, the equation (C.15) is strongly nonlinear. Consequently, v,*) appears as a
nonlinear function f of the macroscopic pressure gradient grad, *pa , of y* and of the

fluid properties (p; ps), (see [Auriault et al., 2009] and references herein for more details):

V:(O) (X*, y*) = _f(gradx*p2(0)7 y*7 p:) M:) (019)

A similar relation stands for the pressure pZ(l)(X*, y*). At the next order, equations (C.2,
C.7, C.6) are written:

divys va* —l—dlv cva ) = in €, (C.QO_E_
DRAFT l\fovember 25,2015, 10: 28am DRAF



CALONNE ET AL.: HEAT AND MASS TRANSFER WITH CONVECTION X-13

va'W . tT' =0 onT (C.21)
va'®.n" =0 onT (C.22)

where the unknown VZ(I)(

x*,y*) is y*-periodic. Let us remark that the equation (C.22)
does not present a left term as in the case B1, since now [M] = O (g%). As in the
Case B1, integrating equation (C.20) over €2, and then using the divergence theorem,
boundary condition (C.22) and the periodicity condition, the dimensionless macroscopic
mass balance takes the form

div. ((vi@)) =0 (C.23)

where the dimensionless macroscopic flow law is written:

1
(i) = Bl f(grad,.p; ", y", p;, 1), dQ2 = —F(grad,.p;*), microstructure, p}, 11}
Qa

(C.24)
Heat transfer
Introducing asymptotic expansions for 7;* and 7 in the relations (C.3, C.4, C.8, C.9)

)

gives at the lowest order £

divy-(krgrad,. ;") =0 in Q (C.25)

prCrv 0. grady*T*(O) — divy*(nZgrady*T;(O)) =0 in€, (C.26)
77O =70 onT (C.27)

(mfgrady*T:(o) —rigrad,. 77@) . n" =0 onT (C.28)

where the unknowns T

)

(x*,y*,t) and T2 (x*,y*,t) are y*-periodic. It can be shown
uriault et al., ; Getnareau and Auriault, that the solution of the above bound-
Auriaul l., 2009; Geind d Auriault, 2001] that the soluti f the ab b d

ary value problem is given by:

T = 720 = 7+O)(x* ¢). (C.29)
DRAFT November 25, 2015, 10:28am DRAFT



X-14 CALONNE ET AL.: HEAT AND MASS TRANSFER WITH CONVECTION

At the first order, the temperature is independent of the microscopic dimensionless vari-
able y*, i.e. we have only one temperature field. Taking into account these results,

equations (C.3, C.4, C.8, C.9), of order ¢ give the following second-order problem:

oT*0)

pi CF Eyra divy*(mf(grady*T:(I) +grad,.7*®)) =0 inQ; (C.30)
prC 8?;;0) +piCivil . (grad,. T + grad, . T;")
—divy*(mZ(grady*T;(l) +grad,. 7)) =0 in Q, (C.31)

7 =70 onT (C.32)

(K (grady*Ti*(l) +grad,.7") — «}(grad,. T,V + grad,.7*”)) . n" =0 onT (C.33)

where the unknowns Ti*(l) (x*,y*,t) and s (x*,y*,t) are y*-periodic and the macroscopic
gradient grad_.7*© is given. vi¥ is given by the relation (C.19). Integrating (C.30) over
Q; and (C.31) over Q, and taking into account the condition of periodicity, the boundary

condition (C.33) and the relation (C.19), we obtain the following first order macroscopic

description:

eff x aT*

(pC) W

+p:Cx (v . grad,. T =0 (C.34)

where <V2(0)> and (pC)°™* are given by the relations (C.24) and (B.51) respectively. As

expected, the convection alone is present at the first order of approximation.

The first correction of this macroscopic model will bring the diffusion into play. Using

the relation (C.34), the boundary value problem can be put in the form:
—B* (v . grad,. T+ — divy*(nf(grady*ﬂ*(l) +grad,.T"?) =0 inQ; (C.35)
—y (v grad,. 7" + prCiviO . (grad,. T + grady*T;(l))

—div,- (r;(grad,. T;V + grad,.T*)) =0 in Q, (C.36)

DRAFT November 25, 2015, 10:28am DRAFT



CALONNE ET AL.: HEAT AND MASS TRANSFER WITH CONVECTION X-15

T =10 onT (C.37)

(K] (grady*ﬂ*(l) + grad,. T*®) — nZ(grady*T;(l) +grad,.T*?)).n" =0 onT (C.38)

where 5% = (p:C*)(p:Cy)/(pC)eT* and v* = (p:Cr)?/(pC)°T*. Consequently, the solution
of the above boundary value problem (C.35)-(C.38) appears as a linear function of the
macroscopic gradient of temperature, modulo an arbitrary function f*(l)(x*, t) [Auriault

et al., 2009; Geindreau and Auriault, 2001], and is written:
17 (x",y" 1) = mi(y*, grad,.p;?) - grad,. 70 + T (C.39)

T*(1)< 7y ) t) Z(y*a gradx*pz(())) ’ gradx*T*(O) + f;(l) (C40)

where m; (y*, grad,. pZ(O)) and m’(y*, grad,. pZ(O)) are two periodic vectors which charac-
terize the fluctuation of temperature in both phases at the pore scale. They also depend
on the velocity field at the first order and hence on the macroscopic pressure gradient
grad_.p;'”). Introducing (C.39) and (C.40) in the set (C.35)-(C.38), these two vectors are

solution of the following boundary value problem in a compact form:
—B(viOy divy- (x; (grad,m; + 1)) =0 in Q; (C.41)

— (VO 4 prCrv (grady*m; +1) — divy (s, (grad,.m; +1)) =0 in Q, (C.42)

m; =m, onl (C.43)
* * * * T
(ki (grad,.m; +1I) — x;(grad,.m; + 1)) -n" =0 onT (C.44)
1
o7 [ (i mi)de = o (C.45)
192[ Ja

This latter equation is introduced to ensure the uniqueness of the solution. Finally, the

third order problem is given by the equations (C.3, C.4, C.8, C.9) of order £2:

3T*(1)
Cotr

DRAFT November 25, 2015, 10:28am DRAFT
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X -16 CALONNE ET AL.: HEAT AND MASS TRANSFER WITH CONVECTION

—div,-(x}(grad,. ;" + grad,. 7*®)) =0 in Q (C.46)

T+
—div,- (i (grad,. T, + grad,.. T;()) - div, (x; (grad,. T, + grad,. ™)) = 0 in Q,
(C.47)

TP =7 onr (C.48)

7 a

(n;‘(grady*T:@) +grad,. T'") — r;(grad,. T, + grad,. T;M)) -n" = L7 w;® onT

(C.49)
where the unknowns TZ-*(Q) (x*,y*,t) and T, @ (x*,y*,t) are y*-periodic. The fluid veloc-
ity vs” (x*,y*,t) is given by the equation (C.19) (and verifies the relation (C.16)) and
vz(l)(x*, y*,t) verifies the relations (C.21) and (C.22). Finally, wil? (x*,y*,t) is the normal
interface velocity due to the phase change at the zero order given by the Hertz-Knudsen
equation (B.67) and the Clausius Clapeyron’s law (B.66). Integrating (C.46) over €2; and

(C.47) over €,, and then using the divergence theorem, the periodicity condition, and the

boundary conditions (C.49) lead to the first order correction:

eff*aT*(l) * * (0)
(PO)™ =+ paCalva Oy . grad,. 7" + p;C(v;V) - grad,. T}
—div,- (k¥*P*grad,. T*) = SSAy L; wi® (C.50)

where k4P5* is the effective thermal dispersion tensor respectively, defined as:

. 1
Qa

Q

x; (grad,.m;(y") + I)d Q)
(C.51)

Finally, we can define:

(T*) = T*O 4 T (v¥) = (viO) 4 g(v:(D) (C.52)

a
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CALONNE ET AL.: HEAT AND MASS TRANSFER WITH CONVECTION X-17

where (-) represents the mean over the REV. Thus, adding equations (C.34) and (C.50)
multiplied by e, we get the following dimensionless macroscopic description at the second

order of approximation:

o(T*)

eff x
(pC) e

+p;Co(vi)-grad,. (T*) —div,- (ek™*grad,. (T*)) = SSAy L;,w;” (C.53)

Water vapor transfer
Introducing asymptotic expansions for p} in the relations (C.5, C.10) give at the lowest
order ()

viO . grad,.p:© — div,.(Digrad,.p:®) =0 in Q, (C.54)

Digrad,.p;®” -n" =0 onT. (C.55)

(0) (

where the unknown py  (x*,y*,t) is y*-periodic. It can be shown [Auriault et al., 2009]

that the solution of the above boundary value problem is given by:
P = i (x", ). (C.56)

At the first order, the water vapor density is independent of the microscopic dimensionless
variable y*. Taking into account these results, the second-order problem is given by the

equations (C.5, C.10) of order e:

BT +vi.(grad,.p;" +grad,.p;”) —div,- (D} (grad,.p;" +grad,.p;”)) =0 inQ,
(C.57)
Dz(grady*pj(l) +grad,.p!”) . nT =0 onT. (C.58)

(1)( (0)

where the unknown p,"’ (x*,y*, 1) is y*-periodic and the macroscopic gradient grad,. p,
is given. vi® is given by the relation (C.19) (and verifies the relations (C.16) and (C.18)).

Integrating (C.57) over ), and taking into account the condition of periodicity, the bound-
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ary condition (C.58) and the relation (C.19), we obtain the following first order macro-

scopic description:
ap*(o

o+ (Vi) - grad,. o) =0 (C.59)

¢

where (VZ(O)) is given by the relation (C.24).
As for the temperature, the convection alone is present at the first order of approxima-
tion. Using the relation (C.59), the boundary value problem (C.57)-(C.58) is written:

—¢7 ' (v;") - grad,.p;® + v - (grad,.p;") + grad,.p;)

—div,-(Dj(grad, i grad,. i @) =0 in Q, (C.60)
D;(grad, i 4grad,.pr@)-n" =0 onT. (C.61)

The solution of the above boundary value problem appears as a linear function of the

macroscopic gradient of the water vapor, modulo an arbitrary function ﬁf,(l)(x*, t) [Auri-

ault et al., 2009]:

PV (x"y" 1) = hi(y", grad,.p,®) - grad,. o} + 5, (x", 1) (C.62)

where h (y*, grad,. pZ(O)) is a periodic vector which characterizes the fluctuation of water
vapor density in the air phase at the pore scale which depends on the intensity of the
flow and thus on gradw*pz(o). Introducing (C.62) in the set (C.60)-(C.61), this vector is

solution of the following boundary value problem in a compact form:

—¢ N v Oy O O grad,.h; — div,-(D;(grad,h; +1)) =0 in €, (C.63)

Dj;(grad,.h}+I)-n" =0 onT (C.64)
L / h*dQ = 0 (C.65)
2 Ja, " '
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This latter equation is introduced to ensure the uniqueness of the solution. Finally, the

third order problem is given by the equations (C.5, C.10) of order &2:

B *(1)
g T vi . (grad,.p;® + grad,.p;V) + vi(V - (grad,.p;") + grad,.p;)
—div,(D;(grad,.p 2t grad,.p:)) — div,- (D! (grad, iV pgrad,.pr @) =0 inQ,
(C.66)
D;(grad,.p;” + grad,.p;") - n" = pfwi® onT (C.67)

where the unknown pi® (

x*,y*, t) is y*-periodic. The fluid velocity 0:© (x*,y*, t) is given
by the equation (C.19) (and verifies the relation (C.16)) and vz(l)(x*,y*,t) verifies the
relations (C.21) and (C.22). Finally, wi© (x*,y*,t) is the normal interface velocity due
to the phase change at the zero order given by the Hertz-Knudsen equation (B.67) and
the Clausius Clapeyron’s law (B.66). Integrating (C.66) over €,, and then using the

divergence theorem, the periodicity condition, and the boundary conditions (C.67) lead

to the first order correction:

8p:(1)

et (vi) - grad,. ") + (v, - grad,.p; "

¢

—div,-(D¥P*grad,. p:) = —SSAy pfw® (C.68)

where SSAy = |T'|/|Q| is the surface area and D4P* is the dimensionless effective disper-

sion tensor for the water vapor defined as:
- 1
DdisPr — [l / D;(grad,. hi(y*) +1I) + v;© @ hidQ (C.69)
Qq
Finally, we can define:

(e =" +ep W, (va) = (Vi) +e(vil) (C.70)
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where (-), and () represent the mean over the air phase and over the REV respectively.
Thus, adding equations (C.59) and (C.68) multiplied by ¢, we get the following dimen-

sionless macroscopic description at the second order of approximation:

py)a
ot

o) + (v¥) - grad,. (p}), — dive-(eD¥P*grad,. (p}),) = —SSAypiw:®  (C.71)
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